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Abstract 



5h ' In this paper, we generalise the treatment of isolated horizons in loop quantum gravity, 

~'jj, resulting in a Chern-Simons theory on the boundary in the four-dimensional case, to non-distorted 

isolated horizons in 2(n + l)-dimensional spacetimes. The key idea is to generalise the four- 
dimensional isolated horizon boundary condition by using the Euler topological density ^^(^n) 
^ ' of a spatial slice of the black hole horizon as a measure of distortion. The resulting symplectic 

structure on the horizon coincides with the one of higher-dimensional S0(2(n + 1))-Chern-Simons 
vQ ' theory in terms of a Peldan-type hybrid connection F*^ and resembles closely the usual treatment 

psj , in 3 -I- 1 dimensions. We comment briefly on a possible quantisation of the horizon theory. 

Here, some subtleties arise since higher-dimensional non-Abelian Chern-Simons theory has local 
(^ , degrees of freedom. However, when replacing the natural generalisation to higher dimensions 

CO ' of the usual boundary condition by an equally natural stronger one, it is conceivable that the 

problems originating from the local degrees of freedom are avoided, thus possibly resulting in a 
finite entropy. 
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1 Introduction 

Black holes in higher dimensions are a subject of great interest in both general relativity and 
supergravity. Most prominently, the derivation of black hole entropy within string theory was 
first performed for a five-dimensional black hole [1]. Also, no-hair theorems familiar from d = 4 
spacetime dimensions generally fail in higher dimensions, resulting in a large variety of black hole 
solutions with new (exotic) properties, see [2] for a review. While this fact has been appreciated 
in, e.g. string theory, it was not possible so far to perform these calculations in the context of 
loop quantum gravity, since the Ashtekar-Barbero variables [31 H] necessary for loop quantisation 
are restricted to d = 3, 4. On the other hand, the recent extension of this type of connection 
formulation to higher-dimensional general relativity and supergravity [3 [6l O [HI [9l [10] opens the 
window to investigate higher-dimensional black holes also with the methods of loop quantum 
gravity. 

The treatment of horizons and black hole entropy within loop quantum gravity can be dated 
back to a remarkable paper by Smolin [11], in which it was shown that under some (natural) 
assumptions, boundaries of spacetime are described by a topological quantum field theory, more 
precisely SU(2) Chern-Simons theory. This pioneering work already contained many of the ideas 
which were later necessary to give a rigorous derivation of the black hole entropy within LQG. 
An entropy associated to a surface which is proportional to the area was first calculated in 
papers by Krasnov [12] and Rovelli [T3], where the important conceptual ingredient was that 
the punctures of horizon were distinguishable. 

A rigorous technical framework for calculating black hole entropy within loop quantum 
gravity was derived by Ashtekar and collaborators [141 [T5| [T6l [TT] , where the notion of isolated 
horizon turned out to be crucial in order to have a local description of a black hole horizon. 
While a classical gauge fixing from SU(2) to U(l) was performed in order to derive the results 
of [m [13 [lU [E], it was later shown by Engle, Noui and Perez [18] that the derivation could 
be extended to an SU(2) invariant framework. The precise state counting for the derivation of 
the black hole entropy has been extensively studied by Barbero and collaborators, see [19] and 
references therein. Non-spherical topologies in 3 + 1 dimensions were discussed in |20tl21j. Also, 
|22j provides a recent extensive review of the subject, including a comparison of the U(l) and 
SU(2) treatments. 

In this paper, we are going to take first steps towards the derivation of higher-dimensional 
black hole entropy using loop quantum gravity methods by deriving a generalisation of isolated 
horizon boundary condition F oc T, first proposed in [TT] and derived rigorously in [14]. We 
further show that the canonical transformation to higher-dimensional connection variables in- 
duces a higher-dimensional Chern-Simons symplectic structure on the intersection of the spatial 
slice with the isolated horizon. Also, we shortly comment on the quantisation of the result- 
ing theory on the black hole horizon. The derivations in this paper will be restricted to even 
spacetime dimensions, since the Euler topological density, which will play a key role in the con- 
struction, does not exist otherwise. In even spacetime dimensions, the isolated horizon then is 
odd-dimensional and a Chern-Simons theory can arise on it. A corresponding classical higher- 
dimensional black hole solution (with spherical symmetry) was found by Tangherlini [23] and 
generalises the Schwarzschild solution to higher dimensions, see also [2] for an overview. Since, 
in the loop quantum gravity treatment, the notion of isolated horizon is more central than that 
of a classical black hole solution, we will not go into details about the latter. As the notion of 
isolated horizon has already been generalised to higher dimensions in |241I25|. we can concentrate 
on deriving the isolated horizon boundary condition and the symplectic structure in this paper. 



This paper is organised as follows: 

We start in section [2] with an outline of the general strategy used in this paper for finding an 
analogue of the isolated horizon boundary condition in higher dimensions. In order to establish 
notation for the following calculations, we provide a comprehensive list of the notation used in 
this paper in section [31 Next, in section [U we review the canonical transformation to SO(-D + 1) 
variables and emphasise the appearance of a boundary term which will later result in the Chern- 
Simons symplectic structure. In section [5l the definition of a higher-dimensional isolated horizon 
is reviewed and its consequences are given. In the following section [6l we derive the isolated 
horizon boundary condition for the internal gauge group 80(1,1?) starting from the Palatini 
action. Next, in section [TJ we will develop the Hamiltonian framework and derive the Chern- 
Simons symplectic structure on the isolated horizon for the internal gauge group S0(1, D), also 
starting from the Palatini action. In order to make the connection to SO(-D + 1) as the internal 
gauge group, we rederive the isolated horizon boundary condition and the Chern-Simons sym- 
plectic structure independently of the internal signature in section [8l this time purely within the 
Hamiltonian framework. We shortly comment about the generalisation of the proposed frame- 
work to non-distorted horizons in section [H Finally, we will discuss a possible quantisation of the 
boundary degrees of freedom in section [10] and conclude in section [TTl The appendices contain 
the construction and generalisation of the hybrid connection used in the Chern-Simons sym- 
plectic structure, further details on calculations, as well as an overview over higher-dimensional 
Chern-Simons theory and the higher-dimensional Newman-Penrose formalism. 

2 General Strategy 

In this section, we will briefly comment on the general strategy of deriving the isolated horizon 
boundary condition. It will turn out that there is merely a single reasonable possibility for the 
general structure of the boundary condition for which a numerical prefactor and an expression for 
the connection on the horizon have to be fixed by an actual calculatioro. However, the connection 
used on the boundary is not necessarily unique as already observed in the four dimensional case 
|26j . where one is free to choose an independent Barbero-Immirzi-type parameter on the black 
hole horizon. 

Let us start with some hints for the boundary condition based on the new connection variables 
derived in [5l [6] . 

• Tensorial structure: 

The 3-1-1 dimensional SU(2) based boundary condition F^^^ oc E'^^eabc does not generalise 
trivially to higher dimensions due to the tensorial structure, i.e. a vector density is dual 
to a (-D — l)-form in D spatial dimensions, which is a two-form only for D = 3. Since, in 
analogy to the 3-1-1 dimensional case, we expect to get a theory which is purely defined 
in terms of a connection on the horizon, the easiest expression with the correct tensorial 
structure to write down is 

where a, b, c are spatial tensorial indices and /, J, K, L are fundamental so{D + 1) indices, 
n = (Z? — l)/2, and vr is the momentum conjugate to the connection on which the new 
variables in higher dimensions [5l[6] are based. More generally, one could also use a different 



^Note however that using only the boundary condition discussed in this section will result in local degrees of 
freedom in the higher-dimensional Chern-Simons theory and that an additional stronger boundary condition will 
have to be used to determine the Chern-Simons connection by the bulk fields. 



invariant tensor to intertwine the adjoint so{D + 1) representations on the momentum vr 
and the field strengths F, but the other obvious choice (J-^H-f^iJ^iH-^'a . . . (5^"-il[^"(5^"l[-'^ 
results in a vanishing right hand side for even n and does not allow for the construction 
performed in this paper in the other cases. The open question at this point is mostly on 
which connection the field strengths should be based. 

Topological invariants: 

Up to a constant prefactor, the derivation of the boundary condition in three spatial 
dimensions and spherical symmetry can be easily accomplished by appealing to special 
properties of curvature tensors in two dimensions. More precisely, the Riemann tensor 
Rfiupa on a two-dimensional manifold, e.g. a spatial slice of a black hole horizon in a 

four-dimensional space time, is, due to its symmetries, given by RliJpa oc R^"^' gp[pga-]v 
Thus, after obtaining F Jjj = R\^Ijj = R\xvpa^'l"j from the field equations and since 
W^l paTi'^j'^j = i?/iJpo-Sjj when using the IH boundary conditions, it directly follows that 
F' ' oc W-'^'T, , where denotes the puUback from the spacetime manifold to a 

^p.yIJ ^puIJ <= 

spatial slice of the horizon. In the further discussion of IHs in four-dimensional LQG, it 
is of importance that in two dimensions, the integral over the Ricci curvature actually 
is a topological invariant by the Gauf5-Bonnet theorem. The question thus is by which 
topological invariant that role will be played in higher dimensions. 

From the above calculation, we expect that only the step using RjiJpa oc R^"^' g^^pQa^y does 
not straight forwardly generalise to higher dimensions. However, this formula is equivalent 
to R^'^> oc ^"'^^^'^ RaBiji ^^d in this form can be generalised to even dimensions and one is 
lead to consider the Euler topological density [27] 



rp{D + l) ._ pil^l...tln + lI^n + l^hJl---In + lJn+l -n t , Tl r t l'9 9'i 

J^ ■— t fc -'^PlUUlJl ■ ■ ■ ''^pin+iyn + Un + lJn + l l^-^7 

as a generalisation. Although this looks already very similar to the above boundary con- 
dition (j2.ip . the Euler density would have to be defined on the spatial slices of black hole 
horizon while the internal gauge group is inherited from the bulk, thus having a repre- 
sentation space which is two dimensions larger than the tangent space of the spatial slice 
of the horizon. Later in this paper, we will chose a special connection on the boundary, 
the field strength of which will be inherently "orthogonal" on vr"^"' and thus allowing for 
a precise implementation of the above idea for a boundary condition based on the Euler 
topological density. We remark at this point, as also stated in the notation section, that 
our normalisation of the Euler topological density does not coincide with the standard 
definition leading to the Euler characteristic. 

Higher-dimensional Chern-Simons theory: 

The notion of 2 + 1 dimensional Chern-Simons theory has a straight forward generalisa- 
tion to higher dimensions, i.e. a higher-dimensional Chern-Simons Lagrangian is defined 
by (i£cs = 9hJi...in+iJn+i^^^'^^ A ... A F^i+i-^^+i^ where d is the exterior derivative and 
g intertwines n + 1 = {D + l)/2 adjoint representations of so(-D + 1), see [28] . The 
right hand side of the previous equation can easily be seen to be the Euler topological 
density for g/iJi.../„_,_iJ„_,_i = e/iJi..j„+iJ„+i- The equations of motion derived from this 
Lagrangian are given by 5/i ji.../„+ij„+iF^^'^^ A ... A F^"+^'^"+^ = 0, thus fitting nicely in 
the LQG quantisation scheme for black holes, i.e. the straight forward generalisation of 
F = at points of the horizon which are not punctured by spin networks is given by 
eAJi.../„+iJ„+ii^'^-'^ A ... A F^"+i^"+i = 0. 



As the canonical analysis of higher-dimensional Chern-Simons theory reveals [28], the 
theory has local degrees of freedom, e.g. giiJi...i„^ij„+iF^'^-^^ A ... A F^"+i>^"+i = does 
not imply F^'^ = 0. This tension is discussed in section [TUl 

Based on this outline, we will now give a precise derivation of the above proposed generali- 
sation of the isolated horizon boundary condition. The connection used will be a generalisation 
of Peldan's hybrid connection T^jj [29], which was already used in the construction of the 
connection variables in higher dimensions [5] [6]. We want to stress again that there might be 
other connections, e.g. a one-parameter family depending on a free parameter unrelated to the 
Barbero-Immirzi parameter, which satisfy an analogous boundary condition, as observed in [26] 
in the four-dimensional case. 

3 Notation and Conventions 

This chapter gives an overview of the notation and conventions used in this paper. It can be 
skipped at first reading and should only be consulted as a reference when the notation used is 
unclear. 

Let Ai denote a {D + l)-dimensional (pseudo)-Riemannian manifold {D > 2) with metric g^u 
of signature (—,+,...,-!-). We will denote a D-dimensional Cauchy surface by S and a D- 
dimensional null surface by A. Equality on A is denoted by =. Throughout this work, we will 
restrict the topology of A to be 6* x R, where S* is a (D — l)-dimensional compact Riemannian 
manifold which allows for the isolated horizon boundary conditions defined in section [5] and has 
non-zero Euler characteristic. Examples are the {D — l)-spheres S^ ' or hyperbolic spaces 
}JkD-i) (divided by a freely acting discrete subgroup F, e.g. handle bodies with genus g > 1 for 
Z? = 3 (at the level of topology) and the corresponding black hole solutions, given e.g. in [30] . 
For notational simplicity, we will (mostly) refer to all these manifolds as spheres in this work 
but keep in mind that more general topologies are allowed. We will in several sections restrict 
to even spacetime dimensions D + 1 =: 2(n + 1). This is necessary in the approach taken since 
(a) there can exist a Chern-Simons theory on the odd (2n -|- l)-dimensional A and (b) the Euler 
density |27j is defined for the even (2n)-dimensional intersections S = S of S and A. Here 
and in the following, we will use index conventions: 

• tensorial spacetime indices will be denoted by lower Greek letters from the middle of the 
alphabet: /u, z/, p, . . . E {0, . . . , D}. 

• tensorial spatial indices will be denoted by lower Latin letters: a,b,c, . . . G {1, . . . , D}. 

• tensorial indices on A will be denoted by the fi, v, p (the pullback arrow will sometimes 
be omitted if there should be no confusion whether the equation is referring to A^ or A). 

• tensorial indices in (D — l)-dimensional subspaces S will be denoted by lower Greek letters 
from the beginning of the alphabet: a,/3,7, . . . G {1, . . . ,D — 1} or hy fi. 

• so{D + 1) or so(l, D) Lie algebra indices in the defining representation will be denoted by 
capital Latin letters: I,J,K,... G {1, . . . ,D + 1}. 

• Lower Latin letters i,j,k,... will be used for SO{D) indices (and for labelling normals, 
only in appendix [A|) . 



The spacetime metric will be denoted by g^^, the spatial metric on S by qab, the (degen- 
erate) metric on A by h^^, and on (D — 1) dimensional subspaces S by h^p- The corre- 
sponding Levi-Civita connections will be denoted by V^, Da, D^ and Da- For the Rie- 

mann tensor, we will use the convention [V^,V^]up = RjMup Ua and similar for lower di- 
mensions. The indication of the number of dimensions on the Riemann tensor will be omitted 
if there is now chance of confusion. If the covariant derivate also acts on internal indices, 
we denote it by D^ul = D^ul, + T^^ ju^ and its field strength as R^yij. We denote by 
E(D+i) .- gMi^i...Mn+i<^„+ig/iJi.../„+iJn+i^^^^^^^_^^ . . .i?p„+i^„+i7„+ij„+i the Euler topological den- 
sity and remark that it coincides with other definitions in the literature only up to normalisation, 
i.e. the integral of this density over a closed compact manifold S, denoted by (E^'^"''\, gives a 
only a multiple of the Euler characteristic xs of S. We choose this definition since it simplifies 
many formulas. Explicitly, we have 



^/"i?^'"\ (3.1) 
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which results in XsC^") ~ ^ ^'^^ spheres spheres S^^^' . We will drop integration measures to 
simplify notation or work directly with differential forms. 

The null normal to A will be denoted by I and the vector field normal to the (D — 1) - 
sphere cross-sections b}0 k, normalised to I ■ k = —1 (cf. sec. [5]). k can be extended uniquely 
to a spacetime 1-form at points of A by requiring it to be null. Then, at points of A, we can 
decompose the metric according to Qf^u = hf^u — 2l(^^k^^y We will denote the /i-projected vielbein 
by m, rrii^i = Ke^j, and furthermore use the notation l^ = Pe^^, k^ = k^e^^ , and, since 
l,k are null and normalised, k^k^rju = = iH'^rju, kH^r]ij = —1. We will call {Z, /c, {ttz/}} 
a generalised null frame. Elements of higher-dimensional Newman-Penrose formalism in this 
frame will be introduced in appendix [Dl 

The future pointing timelike unit normal to a spatial slice S will be denoted by n^, v? = —1. 
The spacetime metric can be decomposed as follows: g^y = q^i, — n^n^. We will denote the 
spatial vielbein as Cai = {e)ai and n = n^e^ , n n rju = —1, n Cai = 0. Furthermore, we will 

introduce the notation fjjj := 7]jj + njuj = Caiq^'^Caj, fjijn^ = 0. 

We will denote with s the spacelike unit normal to the {D — 1) - dimensional cross-sections 
S n A, s^ = l,s • n = 0, pointing outward of a. Furthermore, we define the co-normal Sa '■= 
eaai...ao_ie°^'""°"^/(D-l)!, which is collinear with s^, but normalised appropriately for usage in 
Stokes theorem later on. When dealing with the Hamiltonian formulation, we will choose the 
foliation such that I = -j={n — s), k = -j=(n + s) holds, where / and k are the (representatives 
of the equivalence class of the) null normals to a given isolated horizon as specified in section 
[5j Furthermore, we will use the notation s^ := s^CfJ and introduce f]ij := rjjj + njnj — sjsj = 
r]jj + 2Z(/fcj) = m^jm'^j, fiijn^ = fiijs^ = "qijl^ = fjijk'^ = 0. An upper twiddle indicates the 
density weight of one w.r.t. h^^, e.g. s^ := Vdeth s^ . 

Finally, a word of caution: In those parts of this work, in which the internal and external 
signature do not match, several of the above formulas get changed by signs (n becomes spacelike, 
and the n n - terms in the definitions of fj and fj) or even become obsolete (since, to perform the 
signature switch, we already are in the Hamiltonian framework, / and k are not null anymore). 



^We refrain from using the usual notation n for this normal here, to avoid confusion with the normal to spatial 
slices, and also to make clear the difference between the hybrid vielbein normal n^ and k' = k^e^^ . 



4 Introduction to the New Variables 

In [3 [6] , a new connection formulation for general relativity in any dimensions D + 1 > 3 was 
introduced, which will be our starting point to extend the results on quantum black holes ob- 
tained in LQG. For completeness, we briefly review the construction of the variables from a 
Hamiltonian perspective, i.e. extend the ADM phase space of general relativity in such a way 
that we obtain a Poisson self-commuting connection as one of the canonical variables. For a 
comprehensive treatment including a Lagrangian derivation, see [SI [6]. 

The ADM Hamiltonian formulation of vacuum general relativity in D + 1 dimensions is based on 
a phase space with canonical coordinates {qab, P""^), where Qab is the (spatial) metric of Euclidean 
signature on a D-dimensional manifold a, a,b,... € {1,...,!?}. The images E^ of a under one 
parameter families of embeddings Xt : a ^ T^ G Ai into a (D -\- l)-dimensional manifold Ai 
constitute a foliation of A4. The conjugate momentum P'^'' is related to the extrinsic curvature 
Kab via 

P'''' = -sy^d^\K''^-q^^KA , (4.1) 

where s = 1 for a Euclidean and s = — 1 for a Lorentzian space time manifold. The non vanishing 
Poisson brackets (we set the gravitational constant to unity for convenience) are given by 

{qabix), P^'iy)} = 51 5t) 5(^)(x - y), (4.2) 

where x,y, .. are coordinates on a. Furthermore, we have the following constraints 

Ha = -2qac DbP'' , (4.3) 

called spatial diffeomorphism constraint, and the Hamiltonian constraint 

n = -^J==[qacqbd - -j^qabqcd]P'''P"' - Vd^)R^''\ (4.4) 

Vdet(g) -t^ - i 

where W^' is the Ricci scalar of qab and Da denotes the unique torsion free covariant derivative 
compatible with qab- 

To see in detail how the connection formulation is obtained, we split its construction in three 
steps: 

(1) Extensions of the ADM phase space to a formulation with a densitised vielbein vr 
(/, J... G {0, ...,D}) in the adjoint representation of so(L' + 1) or so{l,D), 

(2) Constant Weyl rescaling on the extended phase space with a free parameter /3, 

(3) Perform the same extension again but now to a SO{D + 1) or S0(1, D) connection formu- 
lation. 

(1) The new phase space is coordinatised by the canonical pair (KaUjir^^^) with non vanishing 
Poisson brackets 

{Kaij{x),n'^'^{y)} = 25i5f5'}5^''\x - y) , (4.5) 

subject to the constraints 

G" := [Ka,^"]^-^:=2K[^i^7r'^^l-^l , (4.6) 

galJ bKL ._ ^a[IJ^b\KL] ^ i^^.j'^ 



which are called GauB and simplicity constraint, respectively, and which form a first class con- 
straint algebra. The symplectic reduction of the extended phase space w.r.t. Gaufi and simplicity 
constraint leads back to the ADM phase space. More precisely, we can define a map from the 
extended to the ADM phase space by 



2Cdet qq'"' := ir"' ' tt" i j , (4.8) 

ig'^^" K^jj 7r[^)^^5^] , (4.9) 



pah 



where C, = +1 for SO(D + 1) and C, = —1 for S0(1,Z)). Then, one can easily verify that q 
and P as in ()4.8| 14. 9p are both, Gaufi and simplicity invariant, i.e. (weak) Dirac observables, 
and moreover they satisfy the Poisson relations ()4.2p on the surface defined by G = 5 = 0. Of 
course, T-ia and % become constraints on the extended phase space by replacing g, P in (J4.31 
14. 4p via ()4.81 14. 9p and, by construction, the whole constraint algebra is of first class. We refrain 
from explicitly writing out the result since it will not be of relevance in the following. 

(2) The constant scaling transformation 

,.»^, «,.»..!,.», ,.„„^ <«;,■„„ ..,,.„„ (4,0) 

for p S M+ is, of course, canonical. 

(3) The last step consist of invoking a certain connection constructed from vr'^^"^, the hybrid 
spin connection Vaij[T^] weakly compatible with t: , and to redo the above extension of the 
ADM phase space with the role of ^"'Kaij now played by a connection while the role of 'p^tt""--'" 
remains unchanged, 

((«K,,,, («vr^^^) ^ {(^^A^jj := T^jAtt] + (^^K^jj, (^vr"^^)) , (4.11) 

and non vanishing Poisson brackets given by 

{(«^a/., (''V"^^} = 2<5^5f 5jl5(^)(x - y) . (4.12) 

Of course, we still have to define ra/j[7r]. To this end, we have to solve the simplicity constraint 

MM 

galJ bKL ^Q^ ^alJ ^ 2n^^ E''^-^ , (4.13) 

where E'^^ = -y/detg e"^ is a densitised hybrid vielbein ("hybrid" since the dimensions of the 
internal space {D + 1) and the spatial manifold (D) do not match) and n is the unique (up to 
sign) unit normal on the hybrid vielbein, n^uj = (", n^ Ef = 0. It has been shown in [29] that, 
like in the case of a genuine vielbein, there exists a unique, so-called hybrid spin connection 
which annihilates the hybrid vielbein if the internal space is, like in our case, one dimension 
larger than the external one. It is given by (cf. appendix [X|) 

^aij[e\ = e\jDaeb\j^ + C n^jdaUj] , (4.14) 

where Da is the torsion- free qab - compatible covariant derivative. To define ra/j[7r], we demand 
that on the constraint surface 5 = 0, it should be given by (j4.14p . and extend it off this surface. 
Then, by construction, ra7j[7r] is weakly compatiblqj with vr , i.e. it annihilates vr on the 



'Note that derivatives of the simphcity constraint can always be removed by partial integrations. 



constraint surface S = 0, because r[7r]|5=o = r[e] and 7r\s=o = vr[e]. Thus, we can rewrite the 
Gaufi constraint to obtain its usual form up to terms which vanish if S" = 0, 

= dJP)Tr-^J + [WAa, ^^K'^Y^ := ^P)Da^P\-'J . (4.15) 

For L) = 3, there is a simple expression for the weakly vr-compatible hybrid spin connection 
given by 

ValM=T^\l\'Da7:bK\.J]- (4-16) 

In higher dimensions, correction terms are necessary, for explicit expression we refer the reader to 
[5]. To complete step (3), we have to show that again symplectic reduction with respect to G, S 
leads back to the ADM phase space. The proof is similar to the case (1) above, but it becomes 
considerably more intricate to show that after the transformation (|4.1ip . the ADM Poisson 
brackets are still weakly reproduced. The key tool in the proving this is the weak integr ability 
of the extension r[7r] of r[e] off the constraint surface, r[7r] k, TTpy^^jjr. The corresponding 

generating functional F has been constructed in [5] such that 

5F = Ij^'x (6{'^^\-'-'){Taij[n] + Saij) + ^n^'E-\^hTaij[e] 

d^x U^^K-'J) r,jj[7r] + ^daiE'^'Snj)] , (4.17) 

where Saij vanishes on the simplicity constraint surface. The boundary contribution to the 
symplectic potential can now be read off, 



i / d^x da {2E''^6nj) = \ I d^~^x 2~s^ 

P Ja P Js 



6ni , (4.18) 



where Sa G T*a denotes the unit conormal vector to S pointing outward of a, s := Sae and 
the twiddle indicates the density weight of one, s^ := Vdet /i s^ = SaE"-^ (see sec. [3] for s^). 

In 3+1 dimensions, we have the possibility to introduce a Hoist - like modification [6]. Repeating 
the above calculation then yields the modified boundary term 

^ / d^x da UE'^^dni - -e^^^ebM^ef^ =- j d^x Us^Sni - -e'^^m^jdm^^ . (4.19) 

Note that the second term in equation (j4.19p corresponds to the boundary term familiar from 
Ashtekar-Barbero variables. The boundary terms (I4.18|4.19p will become important in sections 
El and El 

5 Higher- Dimensional Isolated Horizons 

The isolated horizon framework was introduced in a series of seminal papers \14\ [T5| [T6| [32] 
and extended to higher dimensions in |24[ [25| [33l [3^ . We will therefore only briefly state the 
definition of undistorted, non-rotating isolated horizons in higher dimensions which we will be 
using, and discuss its consequences. The definition is geared towards the goal of the next section, 
namely to obtain the boundary condition which will lead to a higher-dimensional Chern-Simons 
theory on the boundary. We will start by giving the weaker definitions of near expanding and 
weakly isolated horizons and a brief discussion of their consequences in a manner very similar 
to [IE]: 
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Definition 1. A sub-manifold A of {M,g) is said to be a non-expanding horizon (NEH) if 

1. A is topologically M x S^^^^' and null^ 

2. Any null normal I of A has vanishing expansion 9i := /i^'^V^Zjj. 

3. All field equations hold at A and —Tyl^ is a future-causal vector for any future directed 
null normal I. 

We will state the consequences of definition [TJ For more details on the derivations, we refer the 
interested reader to the standard literature cited above: 

(a) Properties of I: Being a null normal to A, I is automatically twist free and geodesic. More- 
over, using the vanishing of 0;, the Raychaudhuri equation and the condition on the stress energy 
tensor, one can show it is additionally shear free and Rf^^l^F = 0. 

(b) Conditions on the Ricci tensor: From the condition on T^^^, the field equations and the 
relation for R^jj in (a) it follows that R^u^'^ = 0, or, in Newman- Penrose formalism, 

^00 = R^,Jn'' = Q and ^^j = R^J^'m''J = Q. (5.1) 

(c) Induced Connection on A: Due to (a), there exists a unique intrinsic derivative operator D 
on A. Its action on vector fields X S TA and on 1-forms r] G T*A are given by 

D^X'' = V^X'' and D;.??^ = V^r?^ , (5.2) 

■(— ^ "^ 

where X and i) are arbitrary extensions of X, rj to M. 



(d) Natural connection 1-form on A: From the properties of I, it follows that there exists a 

V^r=a;;,r, (5.3) 



one-form cjj^ such that 



which implies 

A V = 0- (5-4) 

We define the acceleration of / by l^V ^l^ = kH^ . We infer k} = iiuK 

(e) Conditions on the Weyl tensor: From the defining equation of the Riemann tensor, it follows 
that 

2{D[^Lol])lf = - R^^Pr = - C^^Pr, (5.5) 

where in the last step we used (b). Contracting (15. 5p with nipj^ we find 

*070J = and ^o/Ji^ = 0, (5.6) 



*As explained in section O more general topologies are allowed without modifications of the definitions, but 
we restrict to spheres for notational simplicity. 

'''On A, h^" is any tensor such that h^i, — h^^ih'^ " h^,^/ 
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(see appendix |D] for notation) and therefore also 

= ^oioj = ^o/J^- (5.7) 

Using this and (b), we find 

= C^^pJ'^lPk'' = R^.pJ^'lPk'' = - CiJ^ + D^K^. (5.8) 



Definition 2. A pair (A, [/]), where A is a NEH and [I] an equivalence clas^ of null normals, 
is said to he a weakly isolated horizon (WIH) if 

4. £iuj=0 

for any I & [I]. 

Note that, while to in general depends on the choice of null normal I, it is invariant under constant 
rescalings of I and therefore depends only on the equivalence class [I] we fixed. Therefore, we 
will drop the superscript in the following. We immediately infer from ()5.8p that the 0* law 
holds for WIH, 

dK^ = 0. (5.9) 

In the following, we will slightly strengthen this usual definition of WIHs in a way which is very 
similar to the definitions given in [15] by introducing some extra structure. Fix a foliation of A 
by (D — l) - spheres. Denote by [k] an equivalence class of 1-form fields normal to the foliation of 
A by (D — 1) - sphereqj. We require that any k € [A;] is closed on A. We extend them uniquely to 
spacetime 1-forms on M by requiring that they be null. Now, we introduce the equivalence class 
of pairs [/, k] where each pair (l^, A^i,) satisfies iik = —1, i.e. we fix I and k up to mutually inverse 
and constant rescaling. We furtheqj demand k = —dv for some function v on A, and each leaf 
Sv = S^ ' of the fixed foliation is characterised by z; = const. By spherically symmetric, we 
will in the following mean constant on the leaves S^, e.g. for a spherically symmetric function 
f = f{v). 

Definition 3. A undistorted non-rotating isolated horizon (UDNRIH) is a WIH where to each 
I G [/] there is a k like above, such that 

5. k is shear-free with nowhere vanishing spherically symmetric expansion and vanishing New- 
man - Penrose coefficients ttj = l^m'^'V f^ku on A. 

6. The Euler density E^^~^' of the (D — l) - sphere cross sections obeys E^^~^' /\/h = f{v) 
for some function f, i.e. the given ratio is constant on each leaf Sy. 

Two remarks are in order: Firstly, in D = 3, one finds for undistorted non-rotating isolated 
horizons p[S], instead of the last condition, 

6'. T^yl^k^ is spherically symmetric at A. 



^Two null normals I and I' are said to belong to the same equivalence class [I] if I = cl' for some positive 
constant c. 

^Again, two 1-forms k, k' are called equivalent if A: = ck' for some constant c. 

*For spherical topologies, this would already follow from S^^~^' x R being simply connected. 
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It is only for D = 3 that 6. and 6'. are equivalent. 6'. can be shown to be equivalent 
to demanding that the curvature scalar R^'^' of the 2-sphere cross sections be constant. In 
two dimensions, we have E^"^' = const, x W^>\/h = f{v)yh for some scalar function /. In 
higher dimensions, condition 6\ still is equivalent to demanding that R^^~^' is constant on 
5„. However, we will see that for our purposes, this condition is unnecessary, but has to be 
replaced by 6. This will be discussed explicitly in section [6j Apart from that, compared with 
[15j . our definition [3] is slightly stronger (more restrictive) in that jTS] does not demand 4- 
Furthermore, whereas we only allow for constant rescaling of l,k, in [15j they are fixed up to 
spherically symmetric and mutually inverse rescaling, but later in that paper, the gauge freedom 
of rescaling is fixed completely. 

Secondly, the definition given above is tied to a foliation. The standard definitions of (W)III 
are usually foliation independent, though some results rely on the existence of a so called good 
cuts foliation. Moreover, when going to the Hamiltonian formulation, one usually demands that 
the spacetime foliation is such that at the boundary, the foliation coincides with this preferred 
foliation. Note that our fixed foliation is a good cuts foliation. We leave the question if all results 
obtained here hold in the more general context of weaker definitions of (W)IH or ones without 
reference to a fixed foliation for further research and continue by stating the consequences of 
definition O 

(f) Properties of k, uo and its curvature: By the above requirements, we find for vectors u 
tangential to A using fc'^Vufc^ = 

= u^' i^^Okh^, - k,uj^ . (5.10) 

Furthermore, we have for tangential vectors u and v 

= u^v'^V^^k,^ = -u''v''k[,u;^], (5.11) 

from which we conclude that oj = f k for some function /. Since iioj = k', we have / = — k' or 

uj = -K^k. (5.12) 

Contraction of (j5.5p with kp yields 

2D[^aj,] = Cp,,n"kp = m^pmi^oiiJ, (5.13) 

< — -f— "^ 

where in the last step we used the trace freeness of the Weyl tensor and (j5.6p . We can furthermore 
conclude that du = and ^oi/ J = 0, since co = — k} k and dK} = = dk. This can be traced 

back to the requirement vrj = in the definition of UDNRIHs, and in analogy to the D = 3 
case, this is why we refer to these horizons as non-rotating. (Note that ^oi/J is the analog of 
am*2 inD = 3). 

6 Boundary Condition 

In this section, we will derive the boundary condition relating the bulk with the horizon degrees 
of freedom starting from the Palatini action. This forces us to use S0(1,D) as the internal 
gauge group as opposed to SO(D + 1), which can be used in the Hamiltonian formalism even for 
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Lorentzian signature. In a later chapter, we will rederive the boundary condition independently 
of the internal signature, thus allowing us to use the loop quantisation based on SO{D + 1) 
connection variables for the bulk degrees of freedom. 
Due to 3. of definition [H we have at points of A 

F,.'' = R,J' = 4^+1) e^'e'^'. (6.1) 

In the following, we will use the notation introduced in appendix [D] for the Weyl tensor also for 
the Riemann tensor, e.g. Roiij = R\ivpa l^k^fn^ifn" j- Note that therefore, the internal indices 
appearing on R and ^ are perpendicular to I and k , which will be used in several calculations 
in this section. Pulling back to A, we obtain 

P IJ - J^ IJ - rjiD+l) pi aJ 



= h/h/R^^;^llmP'm'^-^ + m^'^m,'^ [-2RKL^\k'^ - 2Rkl^\1^^ + 2RKL0ik^'l^^) 

-2A:[^m,]^' (^Rok''^ - 2RoK^'ok^^ - 2Rok^\V^^ + 2RoKoik^'l^^^ 
= h/h/d^~llmP'm--^ + 7n^^m/ [-2^KL^\k^^ - 2RkJ'iI'^ + 2^KL0ik^'l'^) 

-2fc[^m,]^ Uok'^ - 2^oK^'ok^^ - 2Rok^\V^^ + 2^^K^ik^'lA 

= h/h/Rf-^lmP'm-J + ^,^k[^jn,] [^^1 IViBk + k'^ J , (6.2 

where in the fourth line, we used that $oJ = 0) '^oo = to replace some Riemann ten- 
sor components by the corresponding Weyl tensor components, and in the fifth line we used 
= "^oiJK = "^oiJK = ^o/OJ = ^OIOJ and furthermore for Ug- such that u ■ I = = u ■ k, 



R^^p^^'^u^ = [DpD,]u 



h^^ K K K'R\,:)pr u, + ^h^K^h^^ {V[^,K,^h;, )v.» v 

h^;K'hp;h:,R%';'yu,. (6.3) 



"p '"1/ '"p '"cr'^'-p'u'p' 

The second term in the second to last line vanishes due to 



hlK^h''p{Vy^,hl,^h'^,)V,.Upn = h^K^hP Vi^,{l,,]k'' +k,,f)V,.Up. 



^r>H^f ((V[^'/.'])A:"" + {V[p'k,,^r")Vu"Up'' + 
^r/H"^p'((^/^'V)^''" + {'^f.'kp')lP")Vu"Up. 
h'(^h^^hi'{Vy^,k,,yV,nUp.- 

h(,K^{hPp{Vp,kp,)uP"v,.dp„ 

, (6.4) 
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where in the first line we used Vg = 0, in the second line that h{l, .) = = h{k, .), in the third 
that V^/jy = and /'^VpU^ = — u^Vp/^, and in the fourth line and dk = 0. 

Finally, we have to account for the vanishing of Rijki in (16.2P . which follows from 



RlJKl = "^IJKl + j^ _ ^ VK[I^.J]1 



I'Xt^'^k'^ = m^i^WK [Vm, v.] kp 






2 m^jm!:jm'j,V^^ (hl^ [^h^ - kpF j V,. ^ 

2 _ / 

2 



D 



Y"^''[/^J]A-(-(Vi0fc)A;^-^fcK'A:p) =0. (6.5) 



From the third to the fourth line, we dropped the second two summands in the first round 
bracket because / and k are twist free, and the second summand in the second bracket since 
k^^Vk,, = 0. In the fifth line, we used that k is twist and shear free and that l^Vk,, = ujK In line 

6, we again invoke the twist and shear freeness of k. In the last line, we used that dO^ = —kViOk 

since it is spherical symmetric by definition [3] and that uj = — k /co 
In the last line of ()6.2p . we furthermore used 

RoiiJ = Conj + ^^{vij<^oi-^ij)-^^^^mjR^''+'^ 
1 _ 



D-l 



ViJ 



ViOk + K^9k 



(6.6) 



which can be shown analogously. 

Since the pullback to H of the second summand in (j6.2p is zero ( A; = 0) , we finally obtain 

when pulling back once more 

l.^u = Rf^ti' = h/ h/' R^^:le^U^^ = VX^'i^Kim^V-^. (6.7) 

and therefore, for D — 1 = 2n even, 

fc fc £_/^ii^iKiLi---^/x„j/„K„L„ 

1 P(2n) 

where E^'^'^' denotes the Euler density of the (D — \) - sphere cross sections, Sa is the appropri- 
ately densitised conormal on 5, and ~ means equal up to the simplicity constraint. Finally, by 



^Comparing with the 3 + 1 dimensional case, we find Rijki = "i^ijKi + j^^Vkii^j]! ~ corresponds to 
V&s — 'l'2i ~ 0, ^KLjo = to ^^o = and *i — 0, and "^ikloi = to the non-rotating condition Dfm^2 = 0. 
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6. of definition [3l E^"^"-' = f{v)\/h. Some comment on the role of the equations (|6.7l 16. 8j) is in 

order. 

Firstly, notice that both of these equations are generalisations of the 3+1 dimensional boundary 

conditions F^ ' oc i?"^S known from the U(l) and SU(2) treatments. (j6.7p has the same 

left hand side, but further manipulation of the right hand side as in the 3+1 dimensional case 
is not possible, since the Riemann tensor is in general not completely determined by the Ricci 
scalar in higher dimensions and the Ricci scalar also ceases to play a topological role. ()6.8p 
generalises the right hand side, the topological role now being played by the Euler density, while 
the left hand side is more complicated than in the 3+1 dimensional case. 

Secondly, at the quantum level, we want to work with an independent Chern-Simons connection 
on the horizon from the onset and demand by constraint that the boundary connection actually 
is determined by the bulk fields. This constraint is in 3+1 dimensions precisely given by the 
boundary condition F^ ' oc S .In higher dimensions, one can easily convince oneself that 

(j6.8|) is insufficient to determine the boundary connection and one has to impose (j6.7p at the 
quantum level. However, (j6.8p connects the momenta conjugate to the bulk connection with 
Chern-Simons excitations and therefore is a direct generalisation of what is imposed at the quan- 
tum level in the 3+1 dimensional case. It therefore could serve as a consistency requirement 
additionally to (|6.7p , see the discussion in section [lOl 

One last comment concerning 6'.: Assuming this condition to hold, one easily obtains that 

G.j^k'^ = ^01 + ^^^r^y^^""^'^ (6-9) 

is spherically symmetric. Moreover, taking the trace of (16. 6p . we infer that 

Co,/ + :^^^<I>oi - ^^^-i-i?(^+i) = -ViOk - K^Ok (6.10) 

^ D-1 D{D + 1) I k I, \ ) 

is spherically symmetric since the right hand side is. Finally, from ()6.3p . 



- 2 (Cn' . f5|.„, - ji^iJ'-") . 2 (.„. . ^i.<-') , (an) 

where Weyl tensor component identities from appendix ID] were used. Since both summands in 
round brackets are spherically symmetric, we find that w- ' is also spherically symmetric. As 
we already remarked at the beginning of section [SJ this property will not be needed in higher 
dimensions, but instead 6. will be crucial in the next section. 

7 Hamiltonian Framework 

In this section, we will show, starting from the Palatini action in [D +1) = 2(n + 1) dimensions, 
how the symplectic structure of {2n + 1) - dimensional Chern-Simons theory arises as boundary 
contribution to the symplectic structure for an internal boundary with UDNRIH conditions. We 
restrict to a vanishing cosmological constant. Note that the mechanics of higher-dimensional 
isolated horizons has already been studied in the quasi-local, the asymptotically flat |25j as well 
as the asymptotically anti-de Sitter [33] case. However, in all these treatments, the internal 
S0(1,-D) transformations were (partially) gauge fixed. In view of the boundary term of the 
generating functional for the canonical transformation to 80(1,1?) connection variables which 
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we found in section U] and which we expect to be related to the boundary symplectic structure, 
we are not allowed to fix the internal gauge freedom. In particular, in the usual time gauge 
n^ = 6q, this boundary term vanishes since it is proportional to 6n^ . Therefore, we will rederive 
the Hamiltonian framework for IH in higher dimensions for our specific definition of UDNRIH 
without using any internal gauge fixing. Indeed, the derivation deviates from the usual treatment 
and we obtain the same boundary contribution to the symplectic structure we derived inSJ which 
a) vanishes in time gauge and b) can be reexpressed as S0(1,-D) Chern-Simons symplectic 
structure. 

Consider a region 7W in a (-D + 1) - dimensional Lorentzian spacetime {M' ,g) bounded by two 
(partial) Cauchy slices Ei and E2, A, and possibly an outer boundary. On A, we impose the 
UDNRIH boundary conditions and furthermore require that Si, S2 intersect A in leaves {(D—l) 

- spheres) of the preferred foliation 5*1, 5*2, respectively. Moreover, as usual in the IH literature, 
for a given history (e. A) the horizon area As is constant in time as we will show shortly (below 
()7.9p ). We will now furthermore fix the horizon area to be a constant throughout the histories 
we are considering, 6 As = 0. The Palatini actioro is given by 

S[A,e]= [ EijAF'\ (7.1) 

Jm 

where F = l/2F^^dx^' A dx'' , F^J-^ = 2d]^^A^^^-^ + [A^,A^Y-^ , S := - * (e A e), or in coordinates 

- * (e A e)^i...^^_j/j = (£)ii)| e^/ ■ ■ ■ e/,^_"i'e/jXi...Xo-i) and as already stated, boundary terms 
possibly needed for T are neglected. Variation with respect to A gives rise to a surface term 

S/j A M", (7.2) 



which, however, vanishes when imposing the UDNRIH boundary conditions, and therefore, 
the variation only yields the bulk equations of motion. This is a standard result in the IH 
literature, but will be derived here without any internal gauge fixing. Using e^/ = m^i — k^l[, 
we immediately find 

S/j = - [ euK,...Kn^, [m^^ A ... A m^^-^ - {D - l)l'^' k A m'^^ A ... A 7n^^-i] . (7.3) 



For the pullback of the spacetime connection A we find analogous to the calculations in section 

El 

2 

Af,ij = Ff^ij = r°jj + ^ _ ^ hi'iTT'^ijfk - 2ujf,lijkj^, (7.4) 

^liJ = "^f/V^m^|j] -/[/V/,A;|j] -/c[jV^/|j], (7.5) 

where T^ here denotes the connection on A which annihilates m^j^K, h and kj. Here and in the 
following, we will understand that m^^^ := h^'^ruy^ and h^'^ = (7^'^ h^^iyig^ ^ such that h^^'^ky = 0. 

For the variation of A, we find 

•<- 

2 

- 2[{5u^)l^ikj^+ uj^5{l^jkj^)\ , (7.6) 



^''Note that a well defined action principle can require a boundary term, as e.g. the York-Gibbons-Hawking 
boundary term |35l I36j or its analogue in first order theories |37l I38| . However, such a boundary term does 
not enter the second variation of the action which will be relevant in this paper for deriving the Chern-Simons 
symplectic structure. We will thus neglect it for simplicity. For a discussion of these issues in higher dimensions, 
we refer the interested reader to e.g. [371 I38j and, specifically in the IH framework, [25] , 
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which for the case at hand can be reduced to 

= 2k^l[ikj]l^k^F [6T\kl - 2l[KkL]5u;u] - 2k[jfij]^l^h''^6T\KL + 7^ 



2k^l^jkj]F 



k^Dl'dh + 5io^ 



2k[jf}j]'^h-;^Dl 6lL+n, (7.7) 



where in the first hne, we made use of the fact that only certain components of 6A will appear 

when contracted with S and 7?. stands for the remaining terms which vanish in this contraction. 

In the second step, several terms drop out due to I'^Sm^j = —m^fSl'^ = —m^jcsl'^ = since / 
is fixed up to constant rescaling on A, I 6lj = since l^ = on A, and h'^uji, = 0. Finally, we 

used that 1^5T^^kl = -^D^J'^l + D^^ 51l = D^°61l since T^ annihilates l^ . Putting all together, 
we recover for the definition of an UDNRIH as given in section [5] the result that there is no 
boundary term in symplectic potential for the horizon, 

S A 5A = / S A jr 

(m^i A ... A m^«-i - {D - 1)1^^ k A m^^ A ... A m^^-i) x 



{D-1)\JA 



eijK,...Ko-i A {-2/[^A;-^l [d{kM6l^^) + Sco] + 2fjj,kjdro6f^ 



e 



D-l . ul rJu.xiIW , ^ / .D~l 



Ak{Ci{ki6l^)) + 



+777^-^ / k Am^^ A ... Am^^-H^^eijK,...Kn-ik^drodl^ 

= 0, (7.8) 

where in the second step, we used (|7.3|) and (|7.7|) . which results in three terms in the third 
step, each of which vanishes separately. The first one since we can partially integrate the Lie 
derivative (boundary terms drop since 61^ = on Si, S2) and we have Cie^~^ = and Cik = 0. 

Note that here, we defined 

e^"^ = eijKi...KD-J^k-^rn^' A ... A m^^-i . (7.9) 
To see that it is Lie dragged along /, note that 

^im^i = FVum^i + m^jV^l'' = l^Vyim^^i = -lT'^i,j-^mfj,j, (7.10) 

Cil^ = I'VJ^ = -lT\/lj, (7.11) 

£ik^ = rv^k^ = -rv^^j^kj. (7.12) 

Using this, to prove that £;e ^ = we only need to use the invariance of e-^i--^o+i under 
(infinitesimal) 80(1,1?) transformations. A similar argument shows that 

de^-i = 0. (7.13) 



The second term in ()7.8p is zero since Suj is fixed on ^i, ^2 and also Lie dragged along I, so 
the whole integrand is Lie dragged an vanishes at the boundary, which implies that the integral 
vanishes (This argument is e.g. given in [K]). The last term vanishes since the derivative dpo 
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annihilates the whole expression (note that dk = 0) and therefore leads only to a boundary 
contribution which vanishes again due to Sl\si,S2 — 0- 

The second variation of the action yields the symplectic current 6!iT,^'^52]Ajj which is closed by 
standard arguments, 

if - [ + f)SiiJ:'-^A52]Ajj = 0. (7.14) 

Moreover, the contribution at A is a pure surface term, and we will show in the following that 

/ 5[iS^-^ A 62]Aij = ng{6,,62) - n^cU^,,62), (7.15) 

where 

denotes the Chern-Simons symplectic structure (cf. appendix [B]), and therefore, the symplectic 
structure is given by 

^(5i,52)= fs^^^'^ A62]Ajj (7.17) 

is 

+ <|;|y//"™^"^-"""" (%4^^) A (^.l^K.) A Fm... a ... A Fm„.„, 

and is independent of the choice of S. 

To proof (j7.17p . we will first show that the contribution to the symplectic structure at A is given 

by the boundary term we already found in section [H 

/ 5[iS^^A52]^/j= / 2(5[i5^)(52]n,) - [ 2(5[is^)((^2]n/), (7.18) 

Ja ^ ^ Js2 JSi 

where s/ = vhsj, and in a second step that the boundary contribution can be rewritten as 

= W^) //^'™^"^-"'^"" {\^iu) A {52,A,,) A FM2.2 A ... A Fm„.„. 

(7.19) 



For the variation of S, we find using (|7.3p 

-{D- 1)! 5S/J = eijK,...Ko-, [{D - l){5m^') A m^^ A ... A m^^-^ 

-{D - 1){D - 2)1^' k A (5m-^2) ^ ^Ks ^ _ _ ^ rn^D-i 

-{D - 1) {l^^^{5k) + {5l^^)k) A m-^^2 ^ _ _ ^ m^'^-^j 

= eijK^...Ko^i [{D - l)mL A m^^ A ... A m^'^-i(v^'5"i-^') 

-{D-l)[D-2)l^^ kArriLAm^'' A ... Am^^-^{i^L6m^^) 

-{D - 1) {-l^^{ii5k) + (61^')) kAm^^ A ... Am^^~^] , 

(7.20) 

19 



where we used 

drrii = mj{i^j6mj) — k{ii5mi) = mj{i^j5mi) + k{imjSl) 

= mj{i^j5mi) + kcsiimil) = mj{i^j5mi), (7.21) 

5k = -k{ii6k). (7.22) 

In total, after a long calculation explained in appendix IC-H one finds for ()7.18p 

6u^'-^ A62]Aij 

+ {D - l)d [{cs + {kMS[il'')) fc A m^2 A ... A m''^-H'k-^eijK,...Ko-^^2]l'''] 
+ {D - 2)d [k A m^' A m^^ A ... A m'^^-H'khijK,...Ko-,{im,Ai^'^'W^'] } 



(^-i;wA 






(7.23) 



We used 6k = —csk and A; = 0. Since we also restricted to constant area As throughout the 
phase space region we are considering {5 As = 0), we furthermore find 



5[ie^ ^ A ^2]^' 



Siie^-^ A 62]{K^k) = / <5[ie^-i A d52]{K^v) 



Sl2{^^'v)\s, / <5i]e^-i-<5[2(K^)|5, / 5i]e 

JS2 JSi 

<^[2(k^)|s2 5i]^S2 - <5[2(K't;)|5i5l]^5il = 0. 



D-1 



(7.24) 



Now, since we have E^ ^' = f{v)e ^/(D — 1)! for a spherically symmetric function / by the 
conditions for an UDNRIH, and since 



^(2") = (87r)"n! xs =■ (^^^")), 



,D-1 



{D-l)\A, 



(7.25) 
(7.26) 



are both constant in time, we have / 



(E(2")) 



where 2n = D — 1. The first line of ()7.19p easily 



follows. In fact, this also shows that f{v) is independent of v. 
For the second pullback of ^4, we find since w = 0, 



Aij = r%j + -^—A^imj^Ok =: r%j + Kij. 



(7.27) 



Since 9k is constant on the {D — 1) - sphere cross sections of the chosen foliation, we have 
dpo-fC = 0. Since also [K, K] = 0, we obtain F = R^ which was already derived in section [HI We 

now want to show that (j7.19p holds, which is shown to be true in (jC.SP if the connection would 
be given by T^. Therefore, what needs to be checked is if 



^IJKLM,N,...M^N^ (2<5[ir?j A 621KKL + SliKij A 62]Kkl) A R%I,N, A ... A R\,^Nr. = 0. 



(7.28) 
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Using 



SKij 



D- 1 



-i[ikj]l OkSmK + l[ii]J]K {(^kSin -m O^k dli+m S6k) + r]^jmj^ekSlK , 

(7.29) 



we find in a first step 



n/JKL 



Ei''''^A5[iKjjA62]KKL 



[D-l) 



:E 



IJKL 



A likjrjj^ej S[imM A mL52\lN 



[D 



^IAN\L ^ i^j^jq2^m] ^ rnL5[ilM62]lN = 0. (7.30) 



^l^JKL ^ ^lJKLM2N2...M„Nr,jiO^^^^ ^ _^ ^ R° M„N„ m the above formula stands for the terms in 
(j7.28p contracted with 6K A 6K. _L indicates that fact that E± needs to be contracted with 
k^ , l'^ since it vanishes otherwise, therefore only one combination of terms survives when we use 
(|7.29p in the first step. In the second line, we made use of I 6mj = —mi5l and therefore, the 
expression is antisymmetric in the index pair Af , N . Adding terms until all indices of the epsilon 
symbol in E±_ plus the index M are totally antisymmetric and subtracting the therefore needed 
terms again, we find that the whole expression vanishes: The total antisymmetrisation since 
there is no nontrivial rank D + 2 antisymmetric tensor in D + 1 dimensions, and the subtracted 
terms since they are either of the form I mi = or k mi = 0, or R^mn A m which vanishes 
due to the Bianchi identity, or m^ A rriL = 0. 
Furthermore, we have 

Ei^'^''A6nr'^ljA52]KKL 



{D-l 



-EVKL^ 



M 



{D-l 



-E 



IJKL 



A 



- 2/c[//^'l/jj(5[ir°7/j/ A l[KriL\M {0k52]m 
+ 2l[ikj]k^'f'5[ir'^rj> A f]f^mL]ek52]lM 

- vfirrialJ] (^-dro5iimf, - m^^JjiF^^j Al[KkL]Okl^^ 52]mM 

- 2k[if]j^ (dro(5[iZj/) A 1[kVl]m {Ok^2]T^'^' - m'^'Okk^ 52]In + m 

- 2/[/fcj][(iro(/c^'(5[i///)] Af]fj^mL]6k62]lM 



m'^ekk^62]lN + m^'62]ek) 



"S2fk) 



(7.31) 



where we used fiu = m°'imaj in the last step as well as the fact that T^ annihilates in , I , k 
and therefore, e.g. l-^dT^ij = (5((iro//) — d^odli = —(IyoSIi. In the last expression, the second 
summand in the second to last line and the term in the last line together just give a surface term 
which vanishes since the {D — 1) sphere cross sections have no boundary. To see this, one needs 
to make use of the fact that d^oR^ = dYom = d^ol^ = d^ok'^ = dpo?? = dOx = 0. Moreover, we 
also have dSOx = since 69k has to be constant on the {D — 1) - sphere cross sections, and 
therefore also the last term in the second to last line is a surface term. Using the notation SV^g 
to indicate that 6T is considered as a form in the index ., the terms in the first line of ()7.3ip 
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give 






09.]l 



9/3 

l^k^Efjj^^ A niM A mAT 



(D-l 






^^A/^a[/^rO^^^^JJ] 



A mjv/ A r?27v 



'' l^k^EJ-jj^j^ A mA/ A TUN 



{D-1 



O 



N 



p <J[l'ma 



d2]l ■ 



69]l 



6,^1^ 



(7.32) 



In the third step, the term totahy antisymmetric in the indices M, J, I vanishes since 
l^k^E^jj^KL A m\M] A iJiN = ^ij\KLM2N2...Mr.Nj^k^Ro^^^^'' A ... A i?o*^"^" A m\M] A niM 



{D + 2) 



0, 



[lJKLM,N,...M^Nj''k'^Ro^''''' A ... A Ro^'-''- A m|A/] A m^ 

(7.33) 



since -Rg A rriL = due to the Bianchi identity and mjl = = mjk , and the antisym- 
metrisation of D + 2 indices vanishes. Finally, the first term in the second to last line of (j7.31|) 
gives 



.^^^^l^k^EJ-jj,^ A [(dro<J[i/[-') A 6,^m'^ 
..^^^l^k^EJ-jKL A {{dro6[,m^')52/^) + d{. . .) 



{D 



—r k'^EfjKL A iTiM A niN 



' m^i^im'^mDTl^Syrm^^'] 62-^1'^ +d{...) 



(7.34) 



up to a boundary term d[. . .) that vanishes, as above, after integration over S, which means 
that ()7.32p and ()7.34p together are of the form 



=l''k^ejjKLM,N,...MM.Ro'''''' A ... A i?o*'"^" A ruM A m^ [a^^/3*-^^ - a*-^^/3^^] 

= {D + 2)l^k\uKLM,m...M^N^\Ro^''''' A ... A i?o^'"^" A m|A,] A m^ [a^^/3*^^ - a*^^/3^^] 

- 2Z^fc^ejMi.LM.iV....M„iV„i?o'''^^^ A ... A i?o'^"^" A m, A m^v [a'^/3^'^ - a*'^/3^^] 
— - 21 k ejMKLM2N2...AlnNnRo ^A...AUo A m/ A ttt-tv [a p - a p \ 

=0, (7.35) 

where a and f3 are antisymmetric matrices. This furnishes the proof of ()7.17p . 

8 SO(D+l)as Internal Gauge Group 

In the previous sections, we have derived the isolated horizon boundary condition relating the 
connection on the horizon with the bulk degrees of freedom, as well as the symplectic structure 
on the horizon, which coincides with the one of higher-dimensional Chern-Simons theory. Since 
we started from the space-time covariant Palatini action, the internal gauge group was fixed to 
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S0(1, D). In the light of quantising the bulk degrees of freedom however, it was pointed out in [5] 
that one can change the internal gauge group to SO (D + 1) by a canonical transformation from 
the ADM phase space. After this reformulation, the quantisation of the bulk degrees of freedom 
can be performed with standard loop quantum gravity methods as spelled out in [?]• Thus, 
we are interested in reformulating the horizon boundary condition and the horizon symplectic 
structure so that it fits in the SO{D + 1) scheme. 

As for the boundary condition, the generalisation to the Euclidean internal group is straight 
forward, since the construction of the connection T^ in appendix \X\ works independently of the 
internal signature. Thus, constructing T^ such that it annihilates both n and s = SaB 
additionally to m^ = e^ , the horizon boundary conditions 

T-)0, horizon T-)0,bulk z'o 1^ 

K-iL^. .. KnLnlJ "i'^i-°'"f'" TjO,honzon pO.horizon _ ^ „aIJ f. (o n\ 

follow immediately from the fact that R^apKin^ = R^a/SKLS^"^ = 0. We will drop the super- 
scripts "bulk" and "horizon" in what follows. 

In order to derive the new symplectic structure, we first perform a symplectic reduction of 
the theory derived in the previous chapters by solving the Gaufi and simplicity constraint. This 
leads us to the ADM phase space, from which we can perform further canonical transformations. 
It is shown in section U] that the canonical transformation to SO{D + 1) connection variables 
leads to the boundary symplectic structure 

n'^{Si,62) = l f d''-'x6[isi62]n' . (8.3) 

P Js 

Furthermore, under the non-distortion condition 5 ^ Z = 0, i.e. restricting to the part of phase 

1 f(2") . ,1-1 (-E(2")\ ... . ,. rrr--, , 

space where ^ is constant and thus given by -^-^ — '-, it is shown m appendix IC. 21 that 



_£;(2n) 



zI\(J^^,r,r\ — ^^IJKLMiNi...Mn-iN„-i^al3ail3i...ar,-il3r,-i 



X {^[l^alj) {H^ I3Kl) Ra^P^MiN^-Ra-^-iPn-iM-n-iNr,-!^ (8-4) 

which results in the Chern-Simons type boundary symplectic structure 

S (^^ ^\ _ "^^S f JJKLMiNi...M„-iN„^infSaiPi...a„-il3„-i 



CSV ZJ ;5(^(2n)^ J^ 

Concluding, we have shown that also for the case of SO{D + 1) as an internal gauge group, 
one arrives at a higher-dimensional Chern-Simons symplectic structure at the isolated horizon 
boundary of a as well as the boundary conditions ()8.ip . (j8.2p . 

A remark concerning the uniqueness of T^ is in order. In D = 3, one easily finds that there 
are more connections which allow for carrying out the whole programme. Exemplarily, we can 
introduce a constant parameter $ G M and choose T'''a = ^^a + 2$n' ma ' as connections 
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for the Chern-Simons theory on the boundary. We then find 

R^ap'' = R\/' - 2^'mJ'm,''\ (8.6) 






£ e '^H apKL = I ^7^ -4<P I vr s^, (8.7) 






A further modification of T^, which in particular allows for generalisation to distorted horizons, 
will be introduced in section 19.11 where a non-constant field ^ is added to the connection. The 
introduction of ^ and ^ cannot be combined non-trivially, since otherwise there will be terms 



oc n^^nia'^' contributing to R^'njj- 



A third possibility to change the connection in D = 3, which can be combined with both of 
the above methods, is as follows. As we have already seen at the end of sec. [U if we introduce the 
Barbero-Immirzi parameter 7 in D = 3 [6], it will appear in the boundary symplectic structure. 
The boundary condition in this case reads 



mP ( JJKL pO I -^ po IJ\ 



E^^) (7) 



Vh 
where 

^'^'1 alJ mj . 1 



^T^^^'sa, (8.9) 



Vf' "'' = ^"'^ + —e^'^KLTT"'^''. (8.10) 
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To show that the boundary symplectic structure can be rewritten according to 



PKL 



(8.11) 



it remains to verify that 



e;(2) 

-^6m^ A6mi = -26T^^-^ A6T^ij. (8.12) 



Since the scalar curvature R = — -7= is constant on the 2-spheres, the metric h is fixed up to 
diffeomorphism. Therefore, mj,T^jj are fixed up to diffeomorphism and SO{D + 1) rotations, 
i.e. 6mi = Aj 6mj-\-C^mj and ST'^jj = — (ipoA/j + £^r'^/j. Using this for the variations, (I8.12|) 
can be proven straight forwardly using = di^omj = dmj + T^/j A m'^, dV'^jj + |[r'^,r*^]/j = 
R^ ij = \Rmi A mj and the properties of the exterior and Lie derivative. 

In higher dimensions, it is less trivial to modify the connection T^ . In particular, the above 
constructions can at least not be applied trivially. While (j8.6|) continues to hold, in (j8.7|) mixed 
terms of the form E? A ... A (<l>m A m) will appear which spoil the construction, and also the 
introduction of 7 is tied to D = 3. 
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9 Inclusion of Distortion 

In this section, we are going to comment on the generahsation of the isolated horizon boundary 
condition derived in the non-distorted case to general isolated horizons. The seminal work on 
this subject has been a paper by Ashtekar, Engle, and Van Den Broeck ^9], where treatment was 
generalised to axi-symmetric horizons. For the generalisation to arbitrary spherical horizons, 
two methods by Perez and Pranzetti [30] and Beetle and Engle [U] exist in four dimensions. 
We will discuss them in the following and show that an extension of them to higher dimensions 
is not straight forward. Nevertheless, an extension to distorted isolated horizons seems to exist 

m. 



9.1 Beetle-Engle Method 

In order to derive the symplectic structure on a spatial slice S of the horizon, it is key to 
the derivation that E^"^' j^fh is a constant on S. Otherwise, unwanted terms appear due to the 
variation of E^'^'^i /yh. Of course, this observation has already been made in the four-dimensional 
case and a solution of this problem in case of U(l) as the gauge group on S has been proposed 
by Beetle and Engle [41]. Essentially, they construct a new U(l) connection on S as 

Va:= \ea - e^phf^^D^^, (9.1) 

where ^^a is the U(l) connection used for spherically symmetric isolated horizons and ^ is a 
curvature potential defined by the equation 

A^ = R-{R), (9.2) 

where R is the intrinsic scalar curvature which is proportional to E^'^' /\/h. Calculating the 

o 

curvature of Va^ the terms proportional to R drop out and one gets 

dV=-^e = -^j:.s\ (9.3) 

4 As 

o 

Thus, Va mimics the spin connection of a spherically symmetric horizon, although being defined 
for any horizon of spherical topology. 

The method of Beetle and Engle can be generalised to this framework for the case of four 
dimensions by using the connection 

Aaij = TIjj + 2m,[,m^|j]/i^^(Z)^V)- (9.4) 

Insertion into the boundary condition 

e'^'^e^-^^^RaisKLiA) = 2(e(2)^^[/~J] ^95) 

yields 

As shown in appendix IC. 31 it follows that 

2{E^^^)i5[,~s'){62]nj) = e^J^L^a^ {5[,A^ij) (S^iA^kl) ■ (9-7) 

The problem with generalising this method to higher dimensions is that it leads to a non- 
linear partial differential equation for ^, for which, as opposed to the Laplace operator A, 
a well developed theory ensuring the existence of a solution does not exist. Thus, although 
a generalisation to higher dimensions seems straight forward, we cannot proceed due to the 
resulting non-linear partial differential equation. 
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9.2 Perez-Pranzetti Method 

The basic idea of Perez and Pranzetti [10] in order to solve the problem of a varying scalar 
curvature on S is to use two Chern-Simons connections on S, defined by 

A\ = r + -fe\ Al = r + ae\ (9.8) 

For the boundary conditions, it follows that 

F'{A^) = ^2^' + \{l^ + c)^\ F\A^) = ^2^' + \{ct^ + c)J:\ (9.9) 

where the Newman-Penrose coefficient ^2 is proportional to the scalar curvature and c is an 
extrinsic curvature scalar. Subtracting these two equations, Perez and Pranzetti find 

F^{A,) - F\A^) = 1(7^ - a2)S^ (9.10) 

which can be used to derive the symplectic structure of two SU(2) Chern-Sinions connections 
on S, since the scalar curvature disappeared from this new boundary condition. Furthermore, 
they take the additional constraint into account which follows from adding the above two field 
strengths, which requires to first find a suitable quantisation of the scalar curvature. 

The first steps of this treatment generalise to higher dimensions in a straight forward way: 
Introduce N Chern-Simons connections of the form 

4"/j = ra/J + 2V^S[jm,|j], iG {!,..., iV}. (9.11) 

For their field strengths, it follows that 

^al3IJ = Ra^lJ - '^'ma[l'mi3\j]ai. (9.12) 

When we insert this in the formula needed for the higher-dimensional boundary condition, we 
find 

p/J ( A{ai)\ ._ pi'yi...p„'ynJJKiLi...KnLnTp(o-i) rpM 

^{a,){^ J •- f « ^/3l7iXiLi • • • ^l3n'ynKnLn 

n 

= ^a'^Xk, (9.13) 

A;=0 

where, schematically, Xf^. oc (i?'^)""'^' A {m A m)^. Only the A; = term, being exactly of the form 
u [i-j] ^ const." we need, is allowed to survive when linear combining the Ef'^ . with coefficients 

bi£R,ie{i,...,N}, 

N 

Y^ bi Ell^{A^''^^) oc n^^~s^\ (9.14) 

i=X 

which leads to the system of equations 

N 



Y,Ho^i)^ = ^, fcE{0,...,n-l}, 
i=l 

AT 

Y,h{a,T = d, (9.15) 



i=l 
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for some constant d ^ 0. Suppose w.l.o.g. that ai 7^ 0, 61 7^ 0. Introducing a new d = ^-t^-ttt, 

we find that the above n + 1 equations for fixed d, actually only depend on the 2(A^ — 1) 
unknowns (a.j/ai), (bi/bi). Since N is integer and 2n = D — 1, we find that we need at least 
N = [^^^] + 1 = [— J— 1 + 1 Chern-Simons theories on the boundary, which for D = 3 reproduces 
the result of Perez and Pranzetti, namely N = 2. However, we now have to implement many 
additional constraints corresponding to ()9.12l) consistently, which makes a success of this route 
at the quantum level rather doubtful (see, however, the comments on quantisation in section 
lOD. 



10 Comments on Quantisation 

10.1 SO(D + 1) as Gauge Group 

In order to calculate the entropy associated to a spatial slice of the isolated horizon, we have 
to quantise the resulting theory on the horizon. In the well known 3 + 1-dimensional treatment 
[17j , it is a key result that the field strength on the isolated horizon vanishes almost everywhere 
due to the isolated horizon boundary condition, except at points where the bulk spin network 
punctures the isolated horizon. Only at these points, the flux operator, which determines the 
field strength on S via the isolated horizon boundary condition (j8.2p . is non- vanishing. The 
resulting quantum theory on the horizon is a Chern-Simons theory with topological defects 
induced by these spin network punctures, which result in a finite-dimensional Hilbert space. 

In higher dimensions, the situation is more complicated and we don't claim to have a satis- 
factory proposal for a quantisation. In this section, we will comment on how such a quantisation 
could be performed and where the problems lie. In a first attempt, one would expect to obtain 
a higher-dimensional Chern-Simons theory on the horizon, since the symplectic structure on 
the isolated horizon is exactly of this type. Due to the distributional nature of the space of 
generalised connections in loop quantum gravity, see e.g. [53], one promotes the connection on 
the isolated horizon to an independent degree of freedom in the quantum theory, here called Ajj 
with field strength Fjj = F{A)ij. Furthermore, a quantisation of the boundary condition (18. 2p 
(neglecting for a moment the stronger condition (jS.ip and thus the fact that the connection 
on the isolated horizon is given by T^) yields the quantum equations of motion of a higher- 
dimensional Chern-Simons theory with punctures exactly as in the 3 -|- 1-dimensional case. The 
immediate problem with this approach is however that higher-dimensional Chern-Simons theory 
admits local degrees of freedom (at least at the classical level), since the equations of motion 

ei,j,...i„j^F'^-^' A ... A F'"^" = (10.1) 

don't constrain the connection to be flat |28j . As a direct consequence, one would expect to 
obtain an infinite entropy by counting the allowed states in the Hilbert space. 

Still, it seems that the objects e7jjj,,,/„j„F^2^2 /\ . . . /\ pinJn constitute an important sub- 
sector of the higher-dimensional Chern-Simons theory which one should consider for entropy 
calculations, as we will argue in the following. Using the language of Engle, Noui, Perez, and 
Pranzetti [26], the Chern-Simons equations of motion (110. ip are modified by "particle degrees 
of freedom" which are induced by the spin networks puncturing the horizon as 

^^1-^1 (x) := e^i-^i-^"^"F7,j,(x) A ... A F/„j„(x) a Sa^^^^-^'ix), (10.2) 

where the operator on the right hand side symbolises to the flux operator which acts non-trivially 
only at points where a spin network punctures the horizon. Using the Dirac brackets obtained 
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from solving the second class constraints of the higher-dimensional Chern-Simons theorM^^I. we 
can explicitly calculate the algebra of these "particle excitations" as 

{ii;^-^(x),i^^^(2/)}« 5(^-1) (x-y)/^^'^^'M7vi?*'^(x), (10.3) 

where / are the structure constants of SO{D + 1). Since a representation of this algebra is just 
a representation of the Lie algebra so(L' + 1) for each puncture, the problems which have to be 
discussed for the quantisation are mainly connected with finding the right subspace of the tensor 
product of the individual so(L' + 1) representation spaces which is selected by the criterion of 
compatibility with the bulk spin networks and the horizon topology. As opposed to the U(l) 
or SU(2) based constructions in four dimensions, the restrictions imposed by the simplicity 
constraint will also have to be taken into account properly. While the simplicity constraint is 

solved on the horizon at the classical level by using the variables n , s , and e„ to construct 

<— 

rj^jj, there might still be non-trivial restrictions coming from imposing the quantum simplicity 
constraint in the bulk. One of them is to restrict the representations carried by the punctures to 
be the same as in the bulk, i.e. simple (spherical / class 1) SO(D-|- 1) representations. However, 
the more interesting question will be if there is a restriction resulting from implementing the 
vertex simplicity constraints. 

Despite these attractive features, we still have to deal with the local degrees of freedom. One 
point that we overlooked up to now is that the classical analogue of the boundary condition ()10.2p 
does not constrain the Chern-Simons connection Aaij to be ^^ij- ^^^ section [H it was shown 
that some modifications of the boundary connection parametrised by constants are allowed. 
Furthermore, the Beetle-Engle trick from section 19.11 suggests that further modifications are 
conceivable, possibly an infinite set. Thus, we should introduce a constraint which restricts the 
degrees of freedom of the higher-dimensional Chern-Simons theory as if the horizon connection 
would be given by T^. Since the gauge invariant (local) information of a connection is contained 
in its field strength, we should introduce the boundary condition (j8.ip in the form 



FiAtwr = n^xth (10-4) 

on S. In analogy to the 3 -|- 1-dimensional treatment, we would quantise this boundary condition 
by promoting the left hand side to an operator in the higher-dimensional Chern-Simons theory 
and act with a proper quantisation of the right hand side on the bulk spin network (as with a fiux 
operator). Since we would regularise the right hand side by fluxes and commutators involving 
volume operators as i n 1441 [7], it would automatically vanish at points where no bulk degrees 
of freedom are exciteq^. This mechanism could thus get rid of the local degrees of freedom 
and result in a finite entropy much in the same way as in 3 + 1 dimensions. Still, there are 
many missing and imprecise steps in this argument, e.g. that one would first need an actual 
quantisation of higher-dimensional Chern-Simons theory before a quantum boundary condition 
as (110. 4p could be even imposed. 

This discussion leads us back to reconsider equation ()8.3p for the following reason: we know 
that the boundary symplectic structure can be written as (18. 3p and the boundary condition can 



^^ Actually, in order to construct the Dirac brackets of the Chern-Simons theory, we would have to identify the 
set of second class constraints. This is non-trivial and depends on the choice of invariant tensor, as emphasised in 
[28| . There, it is also stated that for the epsilon tensor used in this chapter, our choice of second class constraints 
is correct at least in six spacetime dimensions (g^J^^^f^ jg "generic" in the language of [28]). On the other hand, 
we can use the horizon boundary condition and the symplectic structure (|8.3|) to calculate the same algebra, at 
least under the constraint that the field strength of the Chern-Simons connection is given by F(r°)jj. 

^■^We would expect that the corresponding operator would even vanish at punctures, since the volume operator 
annihilates edges. On the other hand, we would demand consistency with (|10.2|) . i.e. we would rather use H10.2p 
at punctures. This underlines again that the discussion here does not provide a satisfactory answer. 
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be phrased as SaT^"'^'^ = 2'n\^s'^K Endowed with the Poisson bracket fohowing from (j8.3p . the 
n^^s'^\ form an so(D + 1) Lie algebra in the same way as the fluxes do. On the other hand, we saw 
that the potentially relevant degrees of freedom E^'^ in the Chern-Simons theory are identical 
to the nl^s'^1 and obey the same algebra. Thus, one could conclude that the Chern-Simons 
theory should be avoided already in the beginning. Such a system can be quantised with the 
same methods as the normal N^ in [9] resulting from the linear simplicity constraints. However, 
we know from the 3 + 1-dimensional treatment that valuable insights were gained through the 
Chern-Simons treatment, e.g. logarithmic corrections resulting from a finite level, see e.g. |26j . 
If neglecting the Chern-Simons theory, these results have to be accounted for differently. 

To conclude, we don't have a satisfactory quantisation of the resulting boundary theory 
and thus also no direct access to full fledged entropy calculations at the moment. The biggest 
uncertainty certainly is that no quantisation of higher-dimensional Chern-Simons theory with 
a non-Abelian gauge group is known. A reduction to U(l) as a gauge group would in principle 
facilitate the problem, but we were not able to perform this reduction as explained in the next 
subsection. It thus seems that to a first approximation, considering the n^^s'^l as the boundary 
degrees of freedom is sensible. A straightforward generalisation of the methods developed in [H] 
would then give an entropy proportional to the area to leading order in the same way as in 3 + 1 
dimensions. One could then fix the free parameter /3 in order to obtain the prefactor 1/4G for 
the entropy. See [l6l [38] for discussions about this issue. 

10.2 Reduction to U(l) 

The above discussion suggests that the local degrees of freedom of the higher-dimensional Chern- 
Simons theory should be absent after properly implementing the boundary conditions (jl0.2p . 
(|10.4p . Since U(l) Chern-Simons theory on the other hand does not have local degrees of freedom 
to begin with, this hints that we should investigate the possibility of gauge fixing the SO(Z? -|- 1) 
theory down to SO (2), as there is no obvious contradiction due to different degrees of freedom 
in the quantum theory. This question will be pursued in this section, but as we will see, we did 
not succeed in giving a satisfactory description of the boundary degrees of freedom with this 
structure group. 

Two routes suggest themselves: 1) Gauge fix the SO(D-l-l) Chern-Simons theory we obtained 
in the course of this paper down to SO (2), or 2) impose the gauge fixing directly at the level of 
the boundary symplectic structure and rewrite it in terms of an SO (2) Chern-Simons symplectic 
structure classically. The first route fails due to the SO(L'-l-l) invariant tensor used to construct 
the Chern-Simons theory, namely g^i-'-^o+i^ which does not admit this gauge fixing. Therefore, 
we will follow route 2). 

We introduce the gauge fixing n^ = g^^6( , s'^ = g^^6j , where i,j G {0, 1} and g G S0(2). Let 
us use the usual parametrisation of rotations by an angle (p, goo = gu = cos (j), goi = —gio = sin (p. 
The boundary contribution to the symplectic structure reads in this gauge 

6[is 52]nj = (5[iv/i (52]</>. (10.5) 

In the SO(D + 1) case, to show that a Chern-Simons symplectic structure arises on the horizon 
cross sections, it was important that yh and the Euler density are proportional. Introducing 
an S0(2) connection A^, the analogue of this requirement would read 

^ a e"-"2"F„,„,...F,,„_,,,„, (10.6) 

where F^p = 2d^a^py It follows that dyh oc 2?ie"i-""2" [d^^-^SA^^^) Fa^a4---Fa2„^ia2n ^^^d 
therefore (upon partial integration) 

6[^~s'62]nj « 2ne"i-"2" (5[iA,J (52]9a2</') F^^a.-Fa^r^.^a^^. (10.7) 
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With the additional requirement that A = d(j), this would become the symplectic structure of an 
SO (2) Chern-Simons theory on the boundary. However, from this requirement we also conclude 
that F = 0, which is in contradiction with (|1U.6|) . and therefore also our second route fails. It 
thus seems that we have to stick to the SO{D + 1) theory on the boundary and one should try 
to make progress with its quantisation as outlined above. 

10.3 Higher Dimensional versus 4D Entropy 

As transpires from the discussion so far, the main roadblock towards a quantum treatment of the 
boundary conditions in higher dimensions in analogy to the procedure followed in 3+1 dimensions 
originates from our lack of understanding of higher dimensional quantum Chern-Simons theory. 
The problem here is in fact two-fold. First, the quantisation of pure Chern-Simons theory with 
punctures by itself is an interesting open problem in mathematical physics which is unlikely to 
be an easy task because the theory has local degrees of freedom, gauge freedom, and is self- 
interacting. The second problem which is more relevant in our context is that even if quantum 
Chern-Simons theory was available to us, its Hilbert space (with given puncture data) is infinite 
dimensional due to the presence of the local degrees of freedom which suggests that a calculation 
in analogy to the 3+1 treatment would result in an infinite value of the entropy. 

However, this may not be necessarily the case because the Chern-Simons boundary theory 
that we are actually interested in may in fact only be a subsector of pure Chern-Simons theory 
with punctures. The reason for this is that the boundary conditions at the horizon when properly 
translated into the degrees of freedom of Chern-Simons theory may constrain the Chern-Simons 
connection further to such an extent that in fact the resulting theory has no local degrees of 
freedom. Indeed, a phenomenon of this kind must happen if the U(l) point of view sketched 
in the previous section is to be viable at all, because allowed gauge fixings cannot change the 
number of true degrees of freedom, hence it is not possible to gauge fix pure non-Abelian Chern- 
Simons theory in more than 3 dimensions to pure Abelian Chern-Simons theory (with punctures) 
unless there is more gauge symmetry available than that which is intrinsic to pure Chern-Simons 
theory (with punctures). In our case, this additional gauge symmetry might be available due 
to the fact that the Chern-Simons theory degrees of freedom that we are interested in are just 
effective degrees of freedom of a corresponding bulk theory which has more gauge symmetry. 
The interesting question is how much of this survives at the boundary. If this scenario would 
be valid, it would constitute independent support to the new point of view advertised in this 
paper to consider the variables m s ' as independent boundary degrees of freedom and to base 
the boundary quantum theory on those. At least naively, this would result in finite entropy 
as for fixed puncture data the allowed quantum states are bounded by the relevant highest 
weights of the SO{D + 1) representations. Notice that these are boundary degrees of freedom 
and thus we are not interested in which way the highest weights are constituted by bulk edges 
and representations ending in the punctures (for which there are infinitely many possibilities). 

On the other hand, it might also be that the opposite happens and the bulk symmetry that 
survives in the boundary theory is too small to render the entropy calculation finite when us- 
ing the Chern-Simons theory in which case the quantisation based on n^^s'^' appears to be an 
attractive option which however must be substantiated by further reasoning. 

We leave the investigation of these ideas for future research and conclude this section with 
yet another point of view which has the advantage that it makes the contact with the 3 + 1 
theory more transparent. Namely, so far we have talked about the entropy of an observer living 
in D + 1 dimensions as we used the area of a -D — 1-dimensional surface. Whether or not in a 
D + 1-dimensional world an actual observer really extends in all _D + 1 dimensions, using the 
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usual Kaluza-Klein point of view the observer may argue that all but 3 + 1 of those dimensions 
are not accessible to him. As such he may argue that what accounts for the entropy of a black 
hole is just a two-dimensional cross section of the actual D — 1-dimensional horizon. This lack 
of knowledge due to the excess dimensions will result in an effective 3 + 1-dimensional theory 
in which the actual D -\- 1-dimensional pure states are represented by mixed states due to the 
usual entanglement. Ultimately, this could result in a situation identical to the 3-1-1 theory 
with the following modifications: 1. The Chern-Simons theory to consider is for the gauge group 
SO{D + 1) rather than S0(3) (or SU(2)). 2. The entropy would be computed not using the 
pure 3 -|- 1-dimensional states but rather the D + 1-dimensional mixed states. The interesting 
and nontrivial question is of course whether the actual higher-dimensional entropy and the effec- 
tive lower-dimensional one agree with each other at least semiclassically. In certain holographic 
scenarios this could actually be the case, see e.g. [17] and references therein. 

Fundamentally, these mixed states should be computed from the full fledged D + 1 theory. 
While clean, this approach has the disadvantage that again quantum Chern-Simons theory in 
D > 3 dimensions would be needed. The analysis of [28] reveals that a canonical quantisation 
using techniques of loop quantum gravity is conceivable, however, the additional constraints 
present (beyond gauge invariance and diffeomorphism invariance) must be accounted for in a 
Dirac quantisation. Alternatively, a reduced phase space quantisation suggests itself which has 
interesting connections with the WZW conformal field theory about which a lot more is known 

A poor man's version of this which should be viable in the semiclassical sector of the theory 
(and thus in particular in our context as we are using semiclassical reasoning in many places) is to 
perform a classical Kaluza-Klein reduction |49] and to quantise 3-1-1 General relativity together 
with matter and the Kaluza-Klein fields in the standard fashion [50] , [9l [10] . In this approach one 
simply would have to make sure that the Kaluza-Klein modes and in particular their boundary 
values do not disturb the standard reasoning in 3 -|- 1 dimensions, that is, without changing 
the Barbero-Immirzi parameter as was done explicitly, e.g. for minimally coupled Maxwell and 
scalar fields as well as non-minimally coupled scalar fields, see |5H [52] and references therein. 

11 Concluding Remarks 

In this paper, we derived a generalisation of the isolated horizon boundary condition to non- 
distorted horizons in even dimensional spacetimes and showed that the canonical transforma- 
tion to SO{D -\- 1) connection variables leads to a higher-dimensional Chern-Simons symplectic 
structure on the boundary of the spatial slice. While the classical treatment from four spacetime 
dimensions generalises rather directly, the quantisation of the resulting system is less obvious, 
since, to the best of the authors' knowledge, there are no known generalisations of the quan- 
tisation of 2 -(- 1-dimensional Chern-Simons theory to higher dimensions. On the other hand, 
due to the stronger boundary condition ()8.ip . it could be the case that it is not necessary to 
quantise "all of the higher-dimensional Chern-Simons theory", but just a subalgebra of phase 
space functions which result as topological defects induced by puncturing the horizon with a 
spin network, as discussed in the previous section. In this line of thought, it suggested itself to 
forget about the Chern-Simons theory entirely and to use the m^s"^' along with the symplectic 
structure ()8.3p as horizon degrees of freedom. While mathematically attractive, this goes against 
the idea of using a theory based on a connection for both the bulk and the horizon. Also, it is 
unclear whether one can recover all the insights resulting from a finite level of the Chern-Simons 
theory in 3 -|- 1 dimensions. As opposed to the Chern-Simons treatment however, the n^ s ' 
are not restricted to even spacetime dimensions or specific topologies, which makes them very 
attractive, e.g. to compare with the broad literature on five-dimensional black holes. As an 
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alternative, we have outlined a possible route along the more standard Kaluza-Klein reduction 
approach. Thus, we underline again that we don't have a fully satisfactory quantisation for the 
isolated horizon degrees of freedom. 

One of the most important questions which should be answered by a suitable quantisation of 
the theory on the black hole horizon is the treatment of the simplicity constraint. A preliminary 
analysis shows that the classical simplicity constraint fits nicely into the picture of a Chern- 
Simons theory with particles as proposed in [26]. While a quantisation of the edge simplicity 
constraints would just restrict the group representations on the particle defects in the same way 
as it restricts the edge representations, it might be that a proper quantisation of the horizon 
degrees of freedom gives us a hint on what the correct implementation of the simplicity constraint 
on a vertex is. The reason for this comes from the seemingly very effective treatment of a black 
hole as a single intertwiner, see [53] and more recently also |54] . Moreover, this question will 
have a direct effect on the subleading correction in the entropy formula, which makes it again 
very interesting to study. 

Additionally, it will be interesting to check to what extend the connection on the horizon 
can be generalised, e.g. as in [26], where a new free parameter can be associated to the horizon 
connection which can rescale the entropy. The consequences of introducing a two parameter 
family of connections in the bulk in four dimensions as proposed in [6] should also be investigated. 
From a more general perspective, it is noteworthy that many ingredients of the definition of 
an isolated horizon were not used in the Hamiltonian treatment, were only the non-distortion 
condition entered and the fact that there is no boundary term in the ADM symplectic potential. 
It thus suggests itself to pursue the question of general boundaries of spacetime, not only isolated 
horizons. This is especially interesting in the context of entropy bounds for general bounded 
regions of spacetime [55] . 
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A Hybrid Connection and Generalisations 

In this appendix, we will introduce several connections relevant for the main text, namely 
Peldan's "hybrid" spin connection [29] and extensions thereof to higher-dimensional internal 
space. 

A.l Peldan's Hybrid Connection 

It is a well-known fact that, given an SO{D) vielbein Cq* in D dimensions, there exists a unique 
spin connection r(jij[e] compatible with it, which is obtained by solving 

= dW = Dact' + mJjCt^ (A.l) 

for r[e]aij, where Da denotes the torsion free metric compatible covariant derivative. The result 
is 

r[e\aij = e\,Daeby]. (A.2) 
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Starting from a Lagrangian formulation of general relativity on a D + 1 dimensional spacetime 
manifold, the natural gauge group is S0(1,D) or SO{D + 1) for the Lorentzian or Euclidean 
theory, respectively. When passing to the corresponding Hamiltonian system, a D + 1 split is 
performed and we are naturally led to consider a S0(1,D) or SO{D + 1) vielbein Ca'^ on the 
D dimensional spatial slice, which we will call hybrid vielbein. However, from the Hamiltonian 
perspective, the signature of the internal space C is not necessarily tied to the spacetime signature 
s, since we can always start with an SO{D) vielbein on the spatial slice and introduce gauge 
degrees of freedom corresponding either to S0(1,-D) or SO(-D + 1). In the following, we will 
therefore treat internal and spacetime signature independently. Peldan [29] investigated if one 
could define a compatible connection also for this hybrid vielbein. We have 

= Dl"eb-^ = DaCb-^ + T^[e]jKeb^, (A.3) 

which actually can be solved for the unique "hybrid" spin connection, 

T^[e]aij = e\iDaeb\j] + Cn^jDaUj^, (A.4) 

where n^ is the unique (up to sign) unit normal to the hybrid vielbein, n^Cai = 0, n^n^r]jj = C,, 
and C again denotes the internal signature, Q = —1 for 80(1,1?) and +1 for SO(I? + 1). Note 
that the sign ambiguity is absent in r^[e]a/j since n^ appears quadratically. 

A. 2 Extensions to Higher-Dimensional Internal Space 

Now we want to extend this result to a higher-dimensional internal space, which is necessary for 
black hole applications, since we have to deal with the vielbein on the D — \ dimensional inner 
boundaries of the spatial slice. 

We will start quite general by introducing an M ^~ - valued vielbein Ca in D dimensions 
(only in this section, we will have I,J,K... = 1, ...,D + k), ejcb'^'qjj = qab where rjjj = 
diag(— , ..., — , +, ..., +) and p + q = k, and ask for a so{p, D -\- q) connection F^/j annihilating 
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e'l- We have 



= Dl"eb^ = DaCb^ + r^\eb'', (A.5) 



corresponding to D^{D + k) equations to determine T^^j. However, these equations are not all 
independent, since 

= e(,|^Z)re|fe)7 (A.6) 

is identically satisfied due to the antisymmetry of the so(p, D + q) connection and the metric 
compatibility of Da- The result are 

D^{D + k)- D\D + l)/2 = D\{D - l)/2 + k) (A.7) 

independent equations for the 

D{D + k){D + k-l)/2 (A.8) 

unknowns ^aij- ^^ ^^ clear that ^^u cannot be determined uniquely for any k, since the number 
of equations grows, for fixed D, linearly with k, while the connection components grow quadrat- 
ically. More precisely, equating both, we obtain iA.7^ = iA.8^ <^ Dk{k — l)/2 = 0, i.e. the 
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connection is only uniquely determined for the gauge groups SO{D), corresponding to k = 0, 
and S0{1, D) or SO{D + 1) for k = l. 

Let us study the indeterminacy for /c > 1 in more detail. First we "complete" the vielbein 
by choosing an orthonormal set of k unit vectors n/, i = 1, ...,k, normal to the vielbein, i.e. 
n/eai = Vi = l,...,k and ni^nj-^rjij = rnj yi,j = l,...,k where rjij = diag(-, ...,-,+,..., +jlf|. 

p <j 

The indices i,j,-.- will be raised and lowered using this metric and its inverse t/*-^. Then we can 
decompose T^jj according to 

^alJ = ^alJ + 2ni[7|Fa|j] + niij\nj\j]r\, (A.9) 

where summation over repeated indices i,j is understood and TaijUi'^ = Vi = 1,...,A;, 
^ ajT^j = Vi,j = l,...,k. Inserting this decomposition of ^^u ^^^° (jA.Sp . we find that 
T^^ a simply drops out and therefore cannot be solved for, and the number of its components, 
Dk{k — l)/2 since it is antisymmetric in z, j, precisely matches the indeterminacy. For the other 
components, one obtains 

Taij = e\i\f]j^KDaeb'' , (A.IO) 

r'aJ = n.JKDan''', (A.ll) 

where fju := Caie"" j. Inserting back into (jA.Op . we find 

V^ij = 2e\I\Dae^J^ - e\ifij]KDaeh^ + ni^j\nj\j^V'^ a (A.12) 

and therefore a Dk{k — l)/2 - parameter family of connections annihilating Ca . To obtain a 
unique connection, we have to add additional requirements, e.g. we could demand that V^^ = 
Vi, J = 1, ..., k (these requirements are independent of the choice of "completion" for the vielbein 
{n/}jL^). This connection F^^j would be special in that it would only depend on ej , 

Tlij = 2e\I\Dae^J^ - e\inj]KDaei,'' . (A.13) 

Having in mind the application to black holes, we will proceed differently. For a fixed extension, 
the extra conditions we impose are D^ ni = OVi = l,...,k — Icj (these requirements are 
sensitive to the choice of completion). Again, these conditions are not all independent. We 
have eh Da nu = and nu D^ nj\j = already satisfied, which results in D{k — 1){D + k) — 
{D'^{k — 1) + Dk{k — l)/2) = Dk{k — l)/2 independent equations, which equals the number of 
undetermined components T'^\. Solving for these, we find 

F^^; = -n^'jDan^^' (A. 14) 

and 

^aij[e, n] := e^f/iDaCfei J] + n\i\Dani\j^ (A.15) 

as the unique connection annihilating the chosen completion of ea . This connection has several 
nice properties, e.g. while for all connections of the family, we have 

RabijeJe''^ = Rab/, (A. 16) 

RabiKri/f}''' = 0, (A.17) 



^■^ Actually, we can as well specify fc — 1 vectors, since the last one, Uk' , is already determined (up to sign) by 
the mentioned requirements. 

^*Note that, since Uk' is given by Ba' , ni'\ i = 1, ..., fc — 1, up to sign, it is automatically annihilated by Da if 
the latter are. 
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which follows from contraction of 

0=[Dl",Dl"W = Rab^ je/ + RabcW , (A.18) 

for this connection we additionally have 

i?yjn/ = [Dl\DrW = (A.19) 

and therefore 

R%j = Rab/e'ieaj. (A.20) 

From the right hand side of (|A.20p . we see that, while T^jj depends on the choice of {ni^}i=i, 
R^abij ^^ independent of n, determined completely by ej and its first and second derivatives. 
Explicitly, choosing a different completion {n/jf^j^ of ej , which is related to {n/}^^^ by a 
SO(p, q) transformation g via hi = Qi^rij, we find 

r',ij[e,h] = r',jj[e,n]+K,ij, (A.21) 

Kaij := g'kn''[i\niijpagi\ (A.22) 

and 

^Vj[r°[e,n]] = i2°„j[rO[e,n]] + 2D^"[e,n][,Kb]u + [Ka,Kt,]ij = ... = i?Vj[r°[e,n]].(A.23) 

For even dimensions I? = 2n, it follows from ()A.20p 

^K....K,HJ,...l.J. ^a,b,...a„K <,^,^^^ ...<,^,^^^^ = i?(^)e^-^'=n., [^^..n,/'=] , (A.24) 

the right hand side of which is also manifestly invariant under SO(p, q) rotations and where E^ ' 
denotes the D - dimensional Euler density 

E^""^ := -=^e'^^^-'^"^"e^i'^--"'^"i?„,,,e,d,...i?a„6„c„d„. (A.25) 

V det qab 

Note that R^^u ^^ ^^^ ^^^ °^^y curvature tensor constructed from Ca^ only. Of course, the 
connection F^jj we considered earlier, obtained by choosing Fa = 0, is constructed solely from 
Ca^ and so is the corresponding curvature tensor, but it fails to satisfy ()A.20p . More precisely, 
we find 

Rlbij = Rlbij + 2(^ - v)k[i{v - v)j]Lq"'{Dia\ec''){D^b]ed''). (A.26) 

B Higher-Dimensional Chern-Simons Theory 

In this appendix, we will review some facts about Chern-Simons theory in higher dimensions 
relevant for this work, with focus on the canonical formulation. In particular, we will derive the 
symplectic structure of the theory. We want to stress that these results are not new, but we state 
them here for completeness. For a more elaborate canonical treatment of higher-dimensional 
Chern-Simons theory, we refer the reader to 



The Chern-Simons action is defined for all odd dimensions 2n + 1 and gauge groups G by 
the equation 

d^V' = iMA,...A„+,F^' A ... A F^"+\ (B.l) 
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where F^ = dA'^ + 1/2 [A, A]^ = dA^ + 1/2 f^BC A^ A A'^' is the field strength of the 
connection one form A^ valued in the Lie algebra of G, f bc are the structure constants of G, 
Aj,B, G G {1, ..., dim(g)} are Lie algebra indices and iAi...A„ is a rank (n + 1) symmetric tensor 
invariant under the adjoint action of the group. Explicitly, 



'-CS 



n /2n.+l\ 

p=0 \ n ) 



F^^_J^AF^2_^A (1/2 [A, A]'^"-p+^) A ... A (l/2 [A,A]^'') AA^"+i 



n~p 



\ n ) 



(B.2) 



p=0 



where the second line defines the short hand notation we will use in the following. For our 
purposes, it will be sufficient to restrict attention to the groups S0(1,D) or SO(D + 1) where 
D = 2n + 1. It is convenient to label the —^ — - generators of the corresponding Lie algebras by 
an anti-symmetric combination of two indices in the fundamental representation /, J = 0, ..., L* 
(e.g. the connection one form will be denoted by A^ with AS ' = 0). We will furthermore 
restrict the invariant tensor to be the epsilon tensor ^iiJi—in+iJn+i ^ which is the one relevant for 
our application. However, we want to point out that all results of this section are independent 
of the choice of gauge group and invariant tensor. 

In order to obtain the (pre-)symplectic structure, we invoke the covariant canonical formal- 
ism |56 1 I57 1 [58]. according to which the presymplectic potential is given by the boundary term 
of the first variation of the action, while the presymplectic structure is the exterior derivative of 
the potential. 



Using the relation 
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the first variation of the Chern-Simons action yields 
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(B.3) 
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• (B.4) 



Note that the two sums of the bulk contribution cancel each other term by term, and the only 
term surviving is the (p = 0) - term of the first sum. We obtain the Chern-Simons equations of 
motioirj 







(B.5) 



e-F ^...^F 

n times 

which in 2+1 dimensions (which corresponds to n = 1) reduces to -F = 0. Let o" be a 2n- 
dimensional Cauchy slice. The presymplectic potential can be read off the boundary term of the 
first variation and is given by 

n-l /2n+l\ 



e^s) 



5Aa 



p=0 \ n ) 



(B.6) 



For its variation, the equation 



e • Ji] A A F"^*'-^ A ^ [A, Af A A 



i(n+p+l)5[iAA<52]^AF"-^-iAi[A^]"(B.7) 



+ i(n-p-l)5[iAA52]AAF"-P-2A^[AA] 



p+i 



is useful. Actually, in the above result, a boundary term was dropped, but in defining the 
symplectic current, we are allowed to drop this term since we will integrate the symplectic current 
we want to derive in this step over the boundary of the spacetime region we are interested in. 
We find for the symplectic current 
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where again the terms in the two sums cancel each other out, with only the (p = 0) - term in 
the first sum remaining. Therefore, the presymplectic structure is given by 



f^cr((52,(5l) 



^2Y 



(B.9) 



Usually, in order to have a meaningful phase space description, one now imposes suitable bound- 
ary conditions and checks if the presymplectic structure is independent of the choice of the 
Cauchy slice a and, for noncompact o", if the integral is finite. However, in this paper we are only 
interested in a spacetime with internal isolated horizon boundary on which the Chern-Simons 
symplectic structure arises and we only have to answer this questions for the full spacetime. 
Prom IB. 81 we can also read off that the Dirac matrix of Chern-Simons theory is given, up to 
numerical factors, by e • F"~^, which coincides with the result in |48| eq. (2.7)]. 



^Note that the bulk term of the variation can be obtained within two lines by varying [B.l 
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C Details on Calculations 



C.l Symplectic Structure via the Palatini Action 

In this appendix, we provide calculational details for showing ()7.23p . 



(D-l) 



We will contract any of the three lines of (|7.2U|) separately with (|7.6|) and multiply them by 
-m. For the first line, we find 



S^^Y^iJ _ 2{82-\uj)Pk^^ - 2uj52]{Pk^^) 
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- 2{D - l)eijK,...Ko-J^k-^rnM A m^^ A ... A m^^-^ A [5[2^*^dr"<^i]'^^^' + w(5[2^*0('5i]A:^')] 



2<5rie 



D-l 



A 



I'^ 



d{kii52]l ) + 52\uj 



- 2{D - l)eijK,K2...Kn-/k^rnM A m^^ A ... A 7n^'^-i 

A [6iik^'dro62]l^^ + Si2l^Ur«Si]k^' - uj{6iik^'){62]l^^) + oj{6[2l^^){6^k^')] 



26ne 



D-l 



A 



d{kji62]l ) + 52]UJ 



- 2{D - l)euK,[K,...Kn-.\l'k'm^ A m^^ A ... A m^^-^ A dr"('5[iA:^^<52]/|M]) 

- 2(5[ie^"^ A d{kp52]l^') + 52] a; 

+ 4eji^iir2...itc-iMZ'^A;'^lm^^ A m^^ A ... A m^^-' A (iro('5[iA;^'<52]Z7) 

- 2€ijMK2...Kn-.J^k-^'m^' A m^'2 /\ ^ /\ m^'D-i A d(5[i/c^i,52]/E-J 

- 2(5[ie^"^ A d{kr52]f) + 52] a; 

- 2€jK,MK2...Ko-J'^k^'m^'^ A m^2 ^^ _ _ ^^ m^^-^ A d^oilN^ik^k^ 52\h) 



2e''-'Adi5[^k^^^52]lK,) 



.D-l 
.D-l 



2(5fie"'-" A 

D-l 



d{kji62]l ) + 52]UJ 



+ 2e 



D-l 



A dro((A:^5[i/;v)(A:'52]/7)) - 2e^-i A d{8^^k'''52^lK,] 



2d 



{6^,e''-'ki,){62/) 



26iie^-^ A62]UJ. 



(C.2) 
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Similar calculations of the same length show that for the second and third line of (j7.20p con- 
tracted with (17.60 . we obtain 



m''^~^{i^L5yim''^) 



and 



{D -1){D- 2)eijK,...Ko-il^' kArriLA m^^ A ... A 

2{D - 2)ejjK,...Ko-id [I'k^k A m^' A m^^ A ... A m^^^-i {{imMhi^'^'W')] , (C.3) 



{D - l)eijK,...Kn_, {-I'^'ikS^ik) + ((5[i/^^)) A; A m^2 A ... A m^^-^ 
2 



A 



^p07J ^ 



D- 1 



{6P)m\^^ek + l^\6m\-^^)ek 



= -2{D- l)eijK,...Kn-,d [l^k^k A m^2 A ... A m^^-^ {iid[,k + A;*^(^[i/a/) '52]^^^] , (C.4) 

respectively. Summing up the three lines, we arrive at (|7.23p rescaled by the factor i^\y 
introduced before. 



C.2 Symplectic Structure Independent of the Internal Signature 

In this appendix, we provide calculational details for showing that under the assumption^n 
xE(2") - (2n = LI - 1), we have 



£;(2n) 

' Vh 



(<5[is ){62]ni) 



(C.5) 



ne 



IJKLMiNi. .. M„-iN„-i al3ail3i...a„^il3„^i (^ j^O Wx,pO ^ nO nO 

e [0[1^ alj) [02]^ I3KL) ^ail3iMiNi---^an-il3n-iM„^iN„-ii 



where T'^jj is the generalised hybrid connection and R^ajj the corresponding curvature tensor 
which are given in appendix IA.2[ 

Starting with (|C.5p . we first calculate 






u \ , t t -'T-ai/3i7i(5i----n-o„/3„7„<5r 



-(<51og/i) 



£;(2n) 

Vh 



T^ J t t I ^ii'Siei-^aiUL p^^_^ -t -n^iiBi-yi ""-iiei I -"-02/327202 •••^an/3„7„(5„ 

£;(2n) 



-(51og/i): 
2n 



Vh 



f^ ai/3i...a„/3„ 7i<5i...7„5„ /p) r) A/i^r^R « a /? « a 

, fc fc V-^Ql -'^71 """/^l 01/ -"-"2/327202 ••-"'an/3n7n'5n 



_| f:ai/3l--an/3„ 7l5l...7n<5nn ^1 rA/lc IR « r R a c 

T^ I "^ "^ -"-01/3171 V^'^diei; -"-02/327202 ••■-"'anPn7nO„ 



^^Note that this requirement for an UDNRIH is equivalent to restricting to histories with a fixed value of the 
horizon area, SAs ~ 0, which can be seen as follows: Since E^'^"' — f{v)yh, by integrating both sides over S 



we obtain f{v) = f ~ ^^^ — - actually is independent of v since both, As and (E^'^"') are. Therefore, we have 

Vh ^° As 



Af, 
,(2, 



S ^ rr = (5 A _^ = ~- — r^—^SAs, where we used that the topology of S is fixed 
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-{Slogh) 



£;(2n) 

2Vh 



2n 






(C.6) 



In the second line, we just explicitly wrote down all variations appearing using 6RafSj = 
—2D[aSTa^. In the third, we used ST'^a = ^h"' {^ID^^Sh^^s — D^dhap) and in the last step, 
we used 



n 



p{2n) 

_^ ai/3i...a„fti 7i(5i...7„<5„o ^l CA/,c ^ E a x 7? fl ^ —— 

, fc fc -n,Q,-^/3j^j It^'diei j -n,Q,2/3272d2"--'^a,i/3„7„5„ ~ r) /T 

This last identity can be verified as follows: 



{5\ogh) 



(C.7) 



n 



.Qi/3i...a„/3„ 7i(5i...7„<5„ o ^i ('A/ir "l /? « x 7? « x 



n 



7252-"-"'Q„/3„7„5„ 



- "• ai/3i. ..an/9n 

"2/i 



ai/3i...Q:„/3„ [7i|<5i...7„5„ /'x/,<:l|Cl]^ J,^ D ^ /- /? a 

[j/l'i^i) e7252...5„Ci7i + 2(n - 1) ((5/l"i^2) g52...5„Ci7i5i 

X 'l<5iei-KQ,-^^j^j^j/lQ,2/327252-"-"'Qn/3„7„<5„ 
- /— V"^^6'V 7 fc fc -fi-ai/3i7i l""'(5ieij -f^a2/927202-"-n'On/3n7nOn 



(C.8) 



where in the first step, we used h''^6hse = —hseSh'^, then we added zero by adding all terms 
necessary that the expression in the second line becomes antisymmetric in 7i,(5i, ...,7„, (5^, Ci 
and immediately subtracting them again. Since these are D indices in dimension D — 1, the 
antisymmetrisation vanishes and we are left with the subtracted terms. The first of these gives, 
using hseSh = —Slogh, the first term in the fourth line, while the remaining ones, after 
renaming indices, reproduce up to numerical factors the expression we started with. Comparing 
the first and the last line of (IC.8[) . one easily infers (jC.7[) . 
Next, we will calculate ST^jj: 



K L 



6Tl,j = {5VIkl) ri^m 



{^Kkl) {v""! + Cn^'ni + s^'si) (m^'^mpj + Qn'^nj + s^sj 



-n^i 



ir« /3. 



+ 2C ({5DI\k) - (dI'Suk)) n|j] + 2 {{SD^^ sk) - {d^^ 5sk)) S|j] 



K 



n 



6DI%k) - (dI'Ssk 



s^iidD^'uK]- Dl'6nK 



V^limpij] 



Dl\mP 



K 



8Tt 



aj I rrij^ 



2Cn[jSj] (D^^'n''6sK 



2CI?^[,nj] (Z^r-^^x) -2f/^[,5j] [d^'Ssk 

(C.9) 



where in the second step we used rjjj = rju + d^njrij + sisj and rjjj = m" jmpj, in the third that 
{5T^^jj)m^'^ = ( 6D^ m^ I J — ( D^ 5ml^ i j — ( dVa^^ j mj and corresponding equations for n, s, and 



finally in the fourth step we used that T"^j j annihilates the hybrid vielbein and n, s. This way of 
expressing ST^jj is convenient for several reasons. First of all, we explicitly separated the (h 



•ar 



bar), (bar n), (bar s) and (n s) terms. Since the two variations of T^jj in (IC.5P are contracted 
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with an e, which is bar projected on all other indices (remember R^ajj = RaSij' ^^- ©' ^^^ 
only contributions will come from (bar bar) ■ (n s) and (bar n) ■ (bar s) terms. Secondly, many 
of the terms are such that covariant derivates D^ appear explicitly. This simplifies further 
manipulations like partial integrations, since almost all appearing objects are annihilated by 
D^ . Furthermore, since 5 already is a boundary, no boundary terms appear when partially 
integrating. Using (jC.Op . we thus find 



ne 






^a2l32M2N2 ■ ■ ■■^''a„l3„M„N„ 



_„JJKLM2N2...MnNn al5a2l32...a„l3n pO pO 

-"-^ ^ ^a2l32M2N2---^a„l3nMr,N„ 



8CniVJJ' [dI S[in-^'] sk^lu [D^ ^2 



v 



+ACfimsj (^(^D^'6[im^r'^ + (<5[ir^^) mj,) uksl (^Dfn^62]Sp^ 



.7(572(52. .. 7»i'5n,a/3a2/32---a»i/3n p „ c K „ ^ 

<^ -'"'«2P272(52"--"'anPn7nOji 



An 
Vh' 
2m^j \^D^°5iin-^j nisL (^of 52]S^j - (^D^^" 6[iha5J {Di3n^52]Sp) 

A/YJ 

,7<?72(52...7n(5n,a^(3;2/32...a»i/3n P „ ,. R , ^ 

r t t -n'(l2P27202-"-"'(3:n/9,i7nOn 

„rO , 



X 



2m^j i^Dl <5[in^j msL [D^p 62]^'') - [dI D^ d^ih^s) n^ {52]Sp) 
^,7^7252...7n5.,«/3«2/32...«„/3.^^^^^^^^^...^^^^^^^^^^^^ [D^^5^,n') msL (<<^2]S 

^(2n) \ ^[2n) 



7.L 



2\5v 



+ 



Vh Vh 



{^[1 log h) 



n 



{^2]Sp) ■ 



(CIO) 



In the third line, note that the term containing D^ Sruj vanishes, since when partially integrat- 
ing, we obtain a term of the form (dT Z?^, n^5sp\, which vanishes due to torsion-freeness. In 

the second step, we used e^-^^^^^^-^^"'^"nisjm"'^MiiTi^^Ni---m'^"Mn'>TT-^"N„ = -^e"'^^^---"'"^" and 
again 5r^o = ^g'^^ (2D(^^6hij^^ — D^dhap)- In the third step, we densitised s^ (note that s^ is 

always contracted such that variations on the density Vh drop out), partially integrated in the 
last summand and interchanged the indices a and /?. In the fourth step, we replaced the second 
summand in square brackets using ()C.6p . 

Now we will have a closer look at the left hand side of (jC.Sp . 



£;{2n) 
) 

^ Vh 



£;(2n) 



{\i~s'){52]ni) = 2E'^^^\5y^s'){52^ni) + ~si{8y^\ogh){52^n' 



p{2n) 

= 2E'^^'-\5^W){h]ni) + -j^n\5^^~si){52] log/i). (C.ll) 

Here, in the first step we varied s^ and the density Vh independently. In the second step, we 
interchanged the variations and used si5n^ = —n^6sj in the second summand. For the first 
summand, we find 

2E^^"HSlis'){S2]ni) 

= --^e-^^--"'^"e^^'^i-^-^"i?,,;3,7i5i-^a„/3„7„5.(%"')('52]5/) 



-2Ce 



ail3i...a„l3n IJKiLi...K„Ln pO 



M\ 



Ra^fi^K^L^-Ra„P^Kr.L^njSj{5[in ' )((^2]SA/) 
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- -4(;ne e ^ai/3iKj_Li{0[in )^a2l32K2L2---^a„l3„K„L„niSj[02]SM) 

= -X^"^'"'""'"^'''"-'"'"</^^7.^.-</3.7.^.^^/(<%^^)'"7i^(<^2]5l), (C.12) 

which shows that (|C.lip coincides with (JC.IOP iff 6 ( — y=- I = 0. Here, in the first step, we used 
the defining equation for E^'^^' and in the second step we used 

and ()A.20p . In the third step, we antisymmetrise in the lower pair of indices J and M. Note that 
the additional term vanishes since s'^Ssj = and the epsilon tensor enforces 6s j to be projected 
into that direction. The fifth line is exactly the same as the fourth, we just moved 6n to the 
front and antisymmetrised the upper indices J and M instead of the lower ones. Now we again 
antisymmetrise the D + 2 upper indices M, /, J, Ki,Li, ..., K^Ln, which gives zero, and subtract 
the term we added for antisymmetrisation again. The first of these, the first summand in the 
round brackets in line 6, gives zero due to n^6nj = 0. The others all give the same term of the 
form RaBKL^^ ~ ^-^b ^0] ^''^Ki which we used in the second to last line. One more integration 
by parts in the last line, again using (IC.lSp and densitising s gives the final result. 

C.3 Symplectic Structure for the SO (4) based Beetle-Engle Connection 

For D = 3, we will show that one can bypass the restriction to spherically symmetric isolated 
horizons in complete analogy to the treatment of Beetle and Engle |41j , 



2{E(^'>){6[,~s'){S^]7ij) = e'J^^e"^ (5[iAa/j) {62]Apkl) , (C.14) 

where {E^'^') := JaCPxE^"^' coincides, up to constant factors, with the Euler characteristic of the 
intersection of the Isolated Horizon with the spatial slices, and A^u was defined in (]9.4p . The 



assumption d—7r- = is then replaced by 6{E^'^') = 0, which however is already enforced by our 
choice of topology of the horizon. 

To prove ()C.14p . we start by noting that 

^IJKL^a(S ^S^^A^jj) {62]A[skl) 

= e'J^^e-^ [{S[iTIjj) {52]r^pKL) + 2 {S[Aj) [S.^K^kl] + {^iK^u) {h^K^Ki)] 

= :A + B + C, (C.15) 

where we introduced the abbreviations A, B, C for the three summands. The first summand in 
square brackets is, up to factors, the restriction to D = 3 of what we just calculated above, 

A = e^^^^e-^ (5[,rO,,) (^,]rO^,) 

_ 2£;(2) 

~ Vh 




{^[i~s'){62^ni) - 2 5[i^^ n^ [d^^Sp) . (C.16) 
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Next, we need to calculate 

5Kaij = 5 (2ma[imfj\j]h^"'{D^ip)j 

= 2ma[im^ j]iDfi6'4') + 4(<5m[„|;^)m^][jr/^7]/i^'^(L>^V) + 2?Ti„[/"Z/3|j](<5/i^'^)(L>^?/') 
+ ^C{Sm[a\K)mp][jn''nj^h^^D.,i;) + 4(,5m[,|^)m^][js^5,]/i'^^p^V'), (C.17) 

where we again splitted the (bar bar) terms (second line) from the (bar n), (bar s) terms (third 
line). Since no (n s) terms appear, we find for C 



C = e^-^^^e"/^ (5[ii^a/j) [52]KpKL) 
2Ce"''^e"''(<J[im[a|M)m^]jn^ 
-32^/)Ie"^(5[im[„|,,)e^][5(<52]m^]^)n^^/i^^(AV')s^/i'^(^cV') 



32Ce"^^e"''((5[i?n[„|M)m^]jnA^n,/i^^(A^)(<J2]"^[/3|iv)"^5]Ls'^5ir/i'''^(I)cV') 



0, 



where in the second step we used 



e^J^^msjmaKmisL 



CVhea 



'P 



(C.18) 



(C.19) 



and the last equality is easily obtained when explicitly writing out all antisymmetrisations. For 
B, we find using (ICll) and (ICITTI) 

B = 2e^^^^e-^ {5^Aj) {5,^K,kl) 

= 2e^-^^^e°'^ { [-2Cnisj {D^n^' dy^SKi)] \2mpKm^ lD^S^^^ + A{5i^myp\N)m.^^jf kK^^ D ^i^ 

+2m/3Km^L{S2]h^'^)Dstp 
+ [-'^Cr]^\inj] {Da6[inM)] 4.{52]m^p\N)m^]LS^ s kK^^ D ^iIj 

-2m^*^ {Da6[,SM) (<52]m[^|^)e,|^]n^/i^^D5V'} 
= -8Vh{{Dan^'5iiSM) [-I)"<52]V' + 2(52]rn/37v)m["I^D^V - {52]m^N)m''^ D^i; - {62]h"^)Dsi^ 

+2 (D«5[inA/) (<52]m^^)s^m["I^^D^V - {D^S^^riM) (<52]m;37v)s^m"*^2^^V' 

-2 (D«5[iSA/) (<52]m;3^)n^m["I^^D^V + {D^S^^sm) (<52]m;3Jv)n^m"^^Z)^V'} 
= -8Vh{{Dan^'6i^SM) [-I?"52]V' - {S2]mpN)m^^D''i; - {62]h''^)Dsi^ 

+ {DaSiiUM) {52]S^)fJN^'Dyj - {D^5[iSm) i62]n'')m^' D'^i;} 
= -SVh { {n^'S^iSM) [DaD''62]^ + D^{{62] log Vh)D''^p) + D^{{62]h''^)Dsi^) 

+ {D^5[^nMS2]s'')m'''D''i;} 
= -sVh { (n^^<5[iSA/) [A62]iJ + iD^62] log V^)L>°V + ('^2] log Vh)A^lJ 

-{52]K6)D^D^i: - {D^52]K5)D^^^^ - {5y^nM){52]s'"')A^] 
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-8VhUn'^'6[^SM) (<52]AV') - "^(-^[i^a/) [Vhid^^s"^') + s'^'iS^^Vh) 



AV' 



= -8{(n^^5[iSAf) (52] A^) - (5[inM)(<52]s''')A^} , 
and since we assumed that At(j = j ( —7= — {E^'^') 1 and 6{E^'^') = 0, we find 

= -2 I (n^^<5[i5M) (^2]^) + i^lihi)i52]n^) (^ - {E^''>)] \ ■ (C.20) 

Here, in the second hne, we inserted the expressions for dT^aU and 6Kaij (jC.91 IC.17p . Note 
that since SKajj does not contain (n s) terms, the (har bar) terms of 6T^aij drop out. In the 
third step, we used ()C.19P and fjjj = maimP j, and in the fourth step, epsilon identities were 
used and antisymmetrisations in (/3, 7) were written out exphcitly. When furthermore writing 
out the antisymmetrisations in (a, /3), we find that several terms cancel (step 5) and additionally 
used {5mai)n^ = —{Sn^)mai-, {5mai)s^ = —{5s^)mai and maim°'j = fjij- In the sixth step, the 
upper line is partially integrated and we used {6mai)m'^^ = ^{Sho,p)h°'^ = -y=6\'h, and the two 
summands of the lower line are combined into one term. The seventh step consists of writing 
out all individual terms appearing in the square brackets explicitly and partially integrating the 
last term. In step 8, we used 

6Ai; = -{D"Dl^'^)6Kp + {A6'^) - {D^ij){D''5Kp) + {D^i:){D^6\ogVh) (C.21) 

and the remaining steps are straightforward. 

Combining (ICTTHl) . (1(120]) and (ICTTSl) . we find immediately 

^IJKL^aP (<^fiA,,^) [S^^A^kl) 

= --^(<5[i^')(<52]S/) + 2 U[i— ^ I n^ ((^2]sp) 

- 2 I {n''5y,SM) (<^2]^) + {^i~SM){52^n'') (^ - (i?(2)) j | 
= 2{E^^^){S[^hi){S2]n^'). (C.22) 

D Higher-Dimensional Newman-Penrose Formalism 

In this appendix, we will very briefly introduce the higher-dimensional Newman Penrose for- 
malism as far as it is needed for the purpose of this paper. First, the Riemann tensor can be 
decomposed as follows 






where Cl^upa denotes the {D + 1) Weyl tensor and J^iu '■= Rpv — ■^rigpuR'^^^^^ the trace- 
free Ricci tensor. In a given null frame {I, k, {ttt,/}}, P = k'^ = I ■ mj = k ■ rrij = 0, I ■ k = — 1, 



44 



mj ■ rrij = r]ij, we will use the following notation (cf. [59]) for the components of the Weyl 
tensor 



^0101 

*0117 

^O/OJ 

^OIJK 






^0107 := Ci!i!;jh^k''l^m'}, 



(D.2) 



We will use analogous notation for the {D + 1) Riemann tensor if convenient. From curvature 
tensor symmetries and tracelessness, the relations 



^0/0^ = ^1// = 0, ^o[7JK] 
^OlOJ = 



"^llUK] = ^^IIJKL] = 0, ^0101 = -^0/1 , 
*0//, *011J = *!//, ^0/lJ = 2 (*01/J + ^IKJ^) 



(D.3) 



can be derived j59j . For the components of the trace-free Ricci tensor J^,y 
notation 



(D+l) 



we introduce the 



$ 



j{D + l)jp7U 



00 - -p.u 
$11 = J^+l)fc^r, 



^01 = J^S^^^l^k^ 

and, because of tracelessness, it holds that 

2$oi = ^Z- 



^0/ = Jii?+')Z''m^, 






(D.4) 



(D.5) 
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